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Bewunuu mapmunmezu coizbikmyy coiman Bomvmeppa mubundezu monyk smec A0ponyy unmezpo-oug@depeHyuanovik meyoeMeHun
6apObIK YbI2APBITLIUMAPBIHbIH JHCAHA ANAPObIH OUPUHYY, IKUHYU, YUYHUY, MEOPMYHUY MYYHOYIAPLIHbIH JHCAPLIM OKMO YeKMeA2eHOUSUHUH,
0.a. 4bleapbLILIUMAPLIHBIH MYPYMOYYAYSYHYH JHCEMUWMYY wapmmapsl madviiam. AdezeHoe Koulymya s0poaop MemoOVHYH HapOdMbl
MeHeH, MaKkman aumrkanoa 6en2ucus GyHKYusHolH MOPMYHYY MyyHOYCYHYH KOI(Dduyuenmu 60120H Hcanvl I0POHY mapasa spedxcec OoioH4a
KULUPYY dHcana GOIYKMON UHMeZpaidoo apKuliyy, bepuneen meyoeme HCyKmeoneon menoemeze Keamupuiem. AHOAH KUliuH Keun YblKKaH
orcykmencon meyoeme C.Hckanoaposdyn menoemenepou cucmemaza CmaHOapmmblK 3Mec KeAmupyy MemooyH KOIOOHYY MeHeH, KU OH na-
pamemp #ana KU OH CATMAKMbIK PYHKYUANAPOb! KUUUPYY APKbLLYY, 9KU SKUHYU mapmunmezu Oup mekmyy smec cbl3viknmyy ouggepen-
YUANObIK meyoeMeOeH JHcana OUPUHYY mapmunme2u col3vlkmyy Boismeppa mubunoe2u i#cykmeneon unmepo-oudgepenyuanovik meyoeme-
OeH mypean SKeUsaieHmmyy cucmemaza Kkexmupunem. An smu 6yn cucmemaza B. Bonemeppanvin menoemenepou 6326pmyn mysyy mMemooy,
C.Uckanoaposoyn kecyyuy ¢yukyusiaap memooy sxcaua FO.A. Beow, 3.IlaxviposdyHn unmezpanovik bapabapcwizoblkmap mMemooy eHyKmypy-
om. Tabvliean srcemummyy wapmmaposbl MACMbIKMAL MYypeaH UHOCMPAMUEOUK MUCAT Myp2y3yaan.

Hezuszu co300p: unmezpo-ougepenyuanovix meyoeme, bewunyy mapmun, moiyk smec A0poop, CoI3bIKIMYY CLLMALObIK, YEKMEN2eH-
OUK, MypymMOyyayK, KOuLymua 0poaop mMemooy.

Yemanasnusaromes oocmamounvie ycnosus ocpanuieHHOCmuy Ha NOJYOCU BCeX peuleHUll U UX NePeblxX, 6MOPbLIX, MPEemblUX, Yemeepmblx
NPOU3BOOHDBIX, M.e. YCMOUUUBOCHIU peuteHull c1abo HeTUHelH020 unmezpo-oup@epeHyuanbHo2o ypasHeHus namozo nopsoka muna Borsmep-
pa ¢ nenonnvimu siopamu. Cnepsa 3a0annoe ypagheHue namo2o nopsioKa ¢ NOMOWbI0 Memood 6CnOMO2amenbHbIx 10ep, d UMEHHO 86e0eHUeM
HEKOmMOp0o20 HOB020 A0pA KAK KO3(p@uyuenm wemeepmoil npou3sgoOHOU Heu38eCmHol QyHKYUYU No Npasuiy eeca u UHmMezpuposanuem no
uacmam, NPUGOOUMCI K HASPYICCHHOMY VPAGHEHUIO nsamo2o nopaoka. Ilocie 3moeo npumenenuem HecmanOapmHo2o Memood C8eoeHus
ypasnenuii k cucmeme C. Hckanoaposa, 6sedenuem HEKOMOPbIX 08YX NOLONCUMENbHBIX NAPAMENPO8 U HEKOMOPLIX 08YX NOLONCUMETbHBIX
8€COBLIX (DYHKYULL, IO HASPYIHCEHHOE YPABHEHUE CE0OUMCS K IKGUBALEHMHOLU CUCmeMe, COCMOosuell U3 08X TUHEUHbIX HeOOHOPOOHbBIX OUg-
Gepenyuanvroix ypasneHutl BMopoco NOPAOKA C NOIOANCUMENbHLIMU NOCIOSAHHBIMU KOIPDuyueHmamu u TUHEiHO20 HASPYICEHHO20 UHMeSPO-
ouppepenyuanvroeo ypasnenus nepgoco nopsoka muna Bonemeppa. K smotii cucmeme pazeusaromes memoo npeodpazoeanust ypasuenuil B.
Bonvmeppa, memoo cpesvieaiowgux gynxyuii C. Hcxkandaposa u memod unmeepanvuvix nepasencms F0.A. Beow, 3.1laxviposa. Cmpoumcs
UNTIOCMPAMUBHBLIL NPUMED, NOKA3bIBAIOWUL eCIMeCMBEHHOCb HAOEHHBIX OOCMAMOYHBIX YCIOBU.

Kntoueevie cnosa: unmezpo-oupghepenyuanvroe ypasHeHue, namoiil NOPsOOK, HeNONHble A0pa, c1abas HeIUHEeUHOCHb, 0ZPAHUYEeH-
HOCMb, YCMOUYUBOCMb, MENOO 6CHOMO2AMENbHBIX S0ep.

Sufficient conditions are established for the boundedness on the semi-axis of all solutions and their first, second, third, fourth derivatives,
i.e. for the stability of solutions to a weakly non-linear integro-differential equation of the fifth order of Volterra type with incomplete kernels.
First, a given fifth-order equation using the method of auxiliary kernels, namely by introducing a new kernel as a coefficient of the fourth
derivative of an unknown function according to the weight rule and integrating by parts, is reduced to a loaded fifth-order equation. After that,
by applying a non-standard method of reducing the equations to the system of S. Iskandarov, by introducing some two positive parameters and
some two positive weight functions, this loaded equation is reduced to an equivalent system consisting of two linear inhomogeneous second-
order differential equations with positive constant coefficients and a linear loaded first-order integro-differential equation of the Volterra type.
The method of transformation of V.Volterra's equations, the method of cutting functions of S.Iskandarov, and the method of integral inequalities
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of Yu. A. Ved, Z. Pakhyrov are developed for this system. An illustrative example is constructed, showing the naturalness of the found sufficient
conditions.

Key words: integro-differential equation, fifth-order, incomplete kernels, weak nonlinearity, boundedness, stability, auxiliary kernel
method.

Bee ¢urypupyronme ¢yskunn sBiasiorcss HenpepsiBHbMU mpu L 21, t=>27 21, |x|,|u|,|9| <0 u

cootHomenus umeroT mecto ipu L 21, , t=2721; | = [to , oo); WY — unrerpo-nudhepeHnuransHoe ypas-

HEHUE; MMOJI YCTOMYUBOCTHIO PellieHUH c1abo HenuHeiHoro MJ1Y msaToro mopsiika MOHUMAETCsl OTPaHUYCH-
HOCTb Ha NOJyHHTepBaje | Bcex ero pemeHuil U UX IPOU3BOIHBIX JO YETBEPTOrO MOPSIIKA BKIIOUUTEIBHO.

3agaya. YCTaHOBUTH JTOCTATOYHBIE YCIOBMs yCTOMYMBOCTH pemeHudt MJIY msroro mopsaka tuma
Bonbreppa Bua:

x®(t) +Z4:ak t)x®(t) +j23:Qj (t,2)xD(r)dr =

t, =0

= f(t)+ F(t, x(t), x’(t),jh(t, 7,X(7), X' (r))d7), t=>t, (1)
C HEMAJIBIMU AJIpaMHU QJ- (t, Z') (J =0,12, 3), T.€. TIPU yCIIOBUMU:

ﬁ\Qj(ﬁﬂ\dfdtw (i=01273)

ot

Y TIpY CJ1aboW HETMHEHHOCTH:
|F(t, x,u, )| < Ry (£) + 9 (1) X+ 9, (0)|u+ 9, (1) |9,
Ih(t, 7, %,u)| < g, (t, )| X+ 9, (t, )y (CH)

C HEOTPHULATENBHBIMH Fo(t), go(t), gl(t), gz(t), gg(t,f), 94(t17)-

B UAY (1) orcyTcTByeT sapo ¢ X (T) Cnenys [1, 2], takoe ypaBHeHue Oynem HasbiBath MY C
HETOJTHBIMU SIPaMH.

[Mox pemennem WY (1) moHmMaercs perieHue X(t) EC5(| ) R) C JIOOBIMH HAaYaJIbHBIMU JTAaHHBIMHU

x®) (to) (k=0,1,2,3,4).B cuity ycnosust (CH) takue pemenus MY (1) cyuecTByroT.

Belme mocraBiieHHas HaMH 3aj1adya paHee HUKEM He u3ydeHa. J[yisi pelueHust 3Toil 3aga4du Oyaem
pa3BHBATh METO/I BCIIOMOTaTeIbHBIX siaep [1, 2] B coueTaHUU ¢ HECTaHIaPTHBIM METO/IOM CBEJICHHUS K CHCTEME
[3], meTomom npeoOpa3zoBanust ypaBuenuii B. Bonbreppa [4, c. 194-217], MeTo0M cpe3bIBAOIINX (YHKIIUI
[5, c. 41; 3] u MeTOTOM MHTETPAILHBIX HEPAaBEHCTB [6].

[IpucTynum K OTy4EeHNUI0O OCHOBHOTO pe3yiIbTaTa.
ITo amamorum ¢ uaesMu MeTozoB padot [1, 2], 8 UAY (1) BBOANM HEKOTOPOE BCIIOMOTATELHOE SIPO

H4 (t,Z’) c x4 (T) no npasmity “Beca” [5, ¢.114]:
30,69 () = 3 Qb X (@) + H b X0 - H, G O, @
i=0 j=0

I[anee MMpOBCACM UHTCTPHUPOBAHUC 11O YACTAM:

—j H, (t, 7)x“ (2)d7z = —H, (t, )x"(t) + H, (t,t,)x"(t,) +f H,. (t,7)x"(z)dz. 3
to to

B cury cootromenwuit (2), (3) MY (1) croautes k crnenayromemy Harpyxeaaomy MJIY:
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X (1) +a, (O (1) +[85(t) — H, (L) ] X"(1) + 2, () X" (1) +a, ()X'(1) +a, () x(t) +

+j{Qo (t, 2)x(2) + Q(t, )X (7) + Q,(t, 2)X"(2) +[Q;(t, ) + H, (8, 7) | X"(2) + H, (1, 2)x V() }d 7 =

= f(t)—-H,(,t)x"(t,)+F(t, x(t),x’(t),f[h(t,r, X(7),x'(z))dz), t=>t,. 4)
Teneps B MY (4) cienaem HecTaHnapTHbie 3t30.MeHI>I [3]:

X'(£) + A°X(t) =W, (©) y(0), ()

y'(t) + 17y (1) =W, (0)2(1), (6)

rae A, ££-HEKOTOpbIe BCIIOMOraTebHble mapamMeTpsl, npuueM A = 0, u = 0;

0<W, (t) -HekoTopsle BecoBble GyHkIMU (K =1,2); y(t) -HoBas HemsBecTHas QyHkuus. Benencrsue
yero u3 /1Y (4) nonydaercs cienyronias 5KBUBAJICHTHAs CUCTEMA!
X"(t) + 2°x(t) =W, (1) y(1),
y'(R) + 4y () =W, (1) (1),
2'(t) +b, () 2(t) + 0y (1) y'(t) +b, (1) y(t) + b, () X'(t) + by () x(t) +

+Jt.[T0 (t,)X(2)+T,(t, )X (2) + T, (t, ) y(z) + T, (t, ) y' () + K(t, r)z(r)] dr = @)

)

= (W, (W, (1)) f(t)—H4(t,to)X'"(to)+F(t,X(t)1X'(t),jh(t,T, X(2),X'(r)d7) |, t21,

t

rae b, (1) = &, (t) + 2W/(t) (W (1)) + (W (EW, (1)) (W (W, (1),
by (1) =[ @, (t) — H, (t, ) JW, (£)) " +[2a, (WL (1) + 3WLTE) | WL (W, (1))~ — (A% + 1” )W (1))
b, (t) = a, ()W, (1)) " +{[8, (t) — H,, (t, IV (L) +a, (IWL" (t) — (A7 + )W, (O] +[W," (1) —
—(A% + 1P W (O = 220 (O, (OW, (1) ™
by (t) ={a,(t) - 2" [a,(t) - H, (t, )|+ AHW, (W, (1))
by (1) =[a, (t) - 278, (t) + A*a, (OIW, (W, (1)) ™
To(t,7) = W, (OW, (1)) [Qu (1, 7) — A°Q, (1, 7) + A'H, (t, 7)),
Ti(t,7) = W OW, (1) {Qu(t, 1) - A[Qu(t ) + HE, (4 7)1,
T, (t,7) = W, (W, (6) {Q, (t, MWL (7) +[Q(t, 7) +
+H, (WD) + H, (4 )W (2) - (A% + O W ()T
T,(t,7) = W (OW, (0) Qs (¢, 7) + Hy, (6, )W, () +2H, (1, )W, (2)};
K(t,7) = (W, (OW, (1)) H, (t, 7)W, (£)W, (7).
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[Mpennonoxum, uro [5,3]:

K(t.r) =YK, (.7) )

LW, O) O =3 1,0 0

w;(t)  (i=1..) - mexoropsre cpessiBaromue Gynxim,

RLA=KEmOW@) )  E®=fOW®)" (=1.n),
RLL)=AD B (i=10) ®

¢(t) (i=1.n) - nexoropsie pyHKumm.

Jlns mpousBoibHO dukcuposannoro pemenus (X(t), y(t), z(t)) cucremsi (7), cnenys [4, c. 194-217], ee
nepBoe ypaBHeHHe yMHOkaeM Ha X'(t), BTopoe - Ha Y'(t), Tpetbe - Ha z(t), CIOXUM MONydYCHHBIC

COOTHOLICHHS, HHTErPUPYeM B Tpeenax oT Lo g0 |, B TOM umcie mo €acTsiv, mpu 5TOM 10 aHANOTHH C
pabotamu [5, 3], BBogum yciosus (K), (f), bynkunn ¥; (t), Ri (t, T), Ei (t) (| =1--n), yciosue (R), pyHKImH

G (t) (i =1..n), npumensieM Jiemmsl 1.4, 1.5 [7]. B utore nMeem ciieayroiee TOX/IECTBO:

V(1) = (<) + 22O + (¥ ) + 42 (yO) + (2(D) + 2£b4(s)(z(s))2ds "
+§{A (t)(Z,(t,1,))* +B.()(Z; (t,1,))* —2E, (1)Z, (t,t,) +C,(t) -
(B (.40 ~2E9Z,(5,1) +6i(5) Jds + [ R (6. )(Z, (4, ) 2 =
=V (1) + 2£{wl(s)y<s)x'(s) W2y ()45 DA N G ¢
R (5,02, (5,22 d TS + 2] 251, () - WO, () 2 H, (5.4)X() +
AW, ()W, (s»1F<s,x(s),x'(s),ih(s,r, X(2), X(£))d7) ~by(5)Y'(5) ~b,(8) y(5) -

b, ()X () =y ()X(5) — [ [Ty (5, T)X(2) + Ty (5, )X (2) + T, (5, 7) y(2) +
+T,(s,7)Y'(7) + K, (s, 7)z(7)]d r}ds, (8)
rre Z,(t,7) = [y ()z(p)dn  (i=1.n),

Vi(to) = (X(t))" + A°(X(t))" + (¥ ()" + 1° (¥(t))” +(2(,))" + _Zn:Ci (%)

Teopema. [Tycts 1) Bemonustorest yenosus (CH), 4 =0, u =0,
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W, (t)>0 (k=12), (), ), (R); 2) by(t)20; 3) A(t) =0, Bi(t) =0,

B'(t)<0, R (t,7) >0, cymecrsytor pynxmm A (t) e L'(I,R,), ¢ (t), R'(t) e L'(I,R,) Taxue, ro
A <AOAW, EXW) <BY 1),
RY (t,7) <R (DR.(t,7) (i=1.n; k=0,1);
4) W, (t) +W, (£) +| f, (8)] -+ W, (W, (£) ] H,, (t. t)] + Fo (1) + 9o (t) + 9, (t) +
+gz(t)j[gs(t,r)+ 9,(t,7)]dz}+|b, (t)|+j[|Tk (t,7)|+|Ko(t, )| Jdz € L'(1, R, \{0})

(k=0,1,2,3).

Torna nns mo6oro pemenus (X(t), y(t), z(t)) cucremsl (7) BepHBI yTBEPKACHHUS:

x“(t)=0() (v=0,), 9)
y()=0@Q) (v=0,), (10)
2(t)=0(), b,)(z(®)* e L(1,R),  AMZ(tL)*=0@) (i=1.n). (1)
Tycrs, kpome Toro, 5) W(t), W'(t), W,(t) =O(1). Torza ans mo6oro pemenus x(t) UAY (1):

x (t)=0@1) (v=0,12,34),1.c. modoe pemerne UJIY (1) ycroituuso.

Cxema J10Ka3aTenbCTBa T€OpeMbl TakoBa. B cmry ycioBust 1)-3) BbiTekaer, uro V (t) > 0. YuursBas
ycrosus (CH), 3), HepexoaHM OT TOXK/IeCTBA (8) K UHTETPAIILHOMY HepaBeHCTBy

V(1) <V (t, )+2j{]ﬂ|w (s) +W,(5) += Z[A (s)+ R (s)IV (s)ds+2j(v(s))2{|f (s)|+
+W, N (SW,(s) [, (S)+go(S)IX(S)I+91
+92(S)I(93(8, 7) [X(2)|+94 (5, D) [X () 7]+ by (8)] + | ][, (8)] + [, ()] + |2 [0 (S)[IV (8))  +

4

+j[|z| T, (5, 2|+ T, (5, 2]+ 1T, (5. 2]+ [Ta 5, 9]+ Ko (5, DIV () d s <
<V () + 2j{]ulwl(s) AW, (5) +%§[A’*(s) FR(S)DV (s)ds +

+2j V(54 o (5) + (W, () H (5, )] (1] + WL (I, (5)) Ty () +
+|2] g, (s)(V (S))% +9,()(V (5))% + 92(5)j(|ﬂ| 95(5,7) + 9, (s, T))(V(T))%df] +
+H]by (s)]+ ] |b, ()] + b, (s)| +|/1||bo(5)|](\/(5)% +j[|/1||To(5, )| +[T,(s,7)| +

+|,u| |T2 (s, r)| + |T3 (s, Z')| + | K, (S, T)|](V (z‘))Edr}dS. (12)

7
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K unTerpansHomMy HepaBeHCTBY (12) mpumenum jgemmy 1 [6] 1 Ha OCHOBaHHMH YCIIOBHi 3), 4) moydaem,
uto V (t) = O(1). Tak xak

(X'(©)* + 22 (1) +(Y'(0))* + £ (Y(©)* + (z(V)* + Zj b, (s)(2(s))*ds +ian: A(Z;(t.1))* <V (1),
TO OTCIOZa BBITeKaroT yTBepxkaeHus (9)-(11) Teopemsr. Hamee It/;?» COOTHOIIICHHH:

X'(t) ==2"x(t) + W, () y (1), X"(t) = -A"X' () +W, 1)y (1) +W () y (1),
X (£) = A" + W (1) = (A% + 22 )W, (O] Y (1) + 20 (£) y'(t) +W, (W, () z(t)

c yuerom yrtBepxiaeHu#t (9), (10), z(t)=O() wu ycnoBus 5) TeopeMbl CIEeIyeT, UTO
X"(t)=0(), x"(t)=0(), x® (t)=0(1). Cnenosarensno, mms moGoro pemenus  X(t) HUAY (1):
x") t)=0(@) (v=0,1,2,3,4), uro u 3aBepimact K0Ka3aTEIBCTBO TEOPEMEL.

OtMmeTuMm, 4TO B YCIIOBHH 5) TEOPEMBI OTCYTCTBYET YCIOBUE Wll(t) =0(1), xors ono UCTIONB3YETCS VIS
nokazatenbetea  X"(t) =O(1). 3amerum, urto wu3 ycnosuit W, (t) =O(1), W,"(t) =O(1) BbiTekaer

Wl,(t) = 0(1), Ha OCHOBaHHMH COOTHOLICHHs [8,C. 236-237].

$si esin 97e™
Tpumep. s VATY (1) ¢ &, (t) =7 +e%™  a(t) = 21+ 4% 4 HA(t) - iz,
i ? -t 3t o
az(t) =31+ 96W —:'ﬂ_(ﬂj e—t’ a1(t) = 20+4GW— 9276 +101e 3|?5t |
a2 LT +2  (t+4)

. 2
a, (t) = 24-+ gt _ 194 —(S'”gtj e 150 sine™,

t?4+2 t
192 203 144e™
t,7)=8H,(t,7) - — - , t,7)=4H,(t,7),
t.7) «(t.7) (t+30+5)° t*+2r+9 t+7+3 QA7) «(t7)
192 203 96e™*

» Qu(t7)=-H, (t.7)+4H,(t,7) -

t,7)=9H,(t,7) - — —_,
Q:(t.7) t7) (t+30+5)° t*+27+9 (t+37+5)°

e gin® 2t ~ 307e ™ cost

ft)=-

t+23 (t + 5)2
Bty i -3t, 3 -3t
F(t,X,U,nS’)E—|X|Ci19e‘3‘sin(2e“)+e xomnx___° W _¢ ‘9|‘9|’
|x|+1 2+3  (t+42WA+D)  |9+2
|X| cos x ul
h(t,z,x,u) = - t, =0 Bemonnsiores Bee YCIIOBHSI TEOPEMBI ITPH

e +7+20 (t+21+9)5(|u|+3)’

1

3 3 3 —3t+3r
H,(t,z)=e>" | exp &72 P e+ sind 2tsin® 27 — Sp cost7) cos(tz-),
(t+1) t-7+21 (4t +37+17)

A=l u=2, Wl(t) = e*Zt, W, ()= e, 31eCh
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1
3 3
n=1, w,(t)=e" sin® 2t, Rl(t,r)z[exp(&nz},} L1

b (t) esﬁsm b(t)_— 97 b()__(SIthj bl()_].ZlSI:)5t bo(t)z—1593ine“,
144e™ 96 203e™* 96
Tt)=——— T(tr)=—— Tt )= T,(tr)=-————,
t+7+3’ (t+3r+5) t°+27+9 (t+3r+5)
1
5 3,3
K(t,z)=1|exp &72 P IR S sin52tsin52r—31L(tT)4,
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Taxum oOpa3om, HatineH kinace MY Buaa (1), muis koroporo copMyIupoBaHHAS HAMH 3aj1a4a peraema.
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