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CBI3BIKTYY KYPAMA KAHA I'NIIEPBOJIAJIBIK TUIITET'N
TEHAEMEJIEP YUYH KAJITAIITBIPYY MACEJIECH

Bbexmamamos 3.M.

3ATAYA CONPAXKEHUA NJ151 YPABHEHUSA
COCTABHOI'O H THHHEPBOJIMYECKOI'O THIIOB YHETBEPTOI'O
MNOPAAKA C JUHUEU UBMEHEHUSA TUIIA x=0

Z.M. Bekmamatov

CONJUGATION PROBLEM FOR EQUATIONS
OF COMPOSITE AND HYPERBOLIC TYPES OF THE FOURTH

ORDER WITH A LINE ¥=0 OF CHANGE OF TYPE
VIIK: 517.956.6

Byn uwume utipu coi3eikmyy atimakma mopmynyy mapmunmecu Kypama j#cana cunepooiansik munmezu meyoemenep yuyH icai-
eawmulpyy macenecu uzunoenzen. JKexeue myynoynapvl menen depuicen meyoemenep yuyH J10Kanoyy smMec Wapmmyy Heaieaumipyy
Macenenepu Kypama cucmemaoazol mypoyy JHCbLIYYIAYK QUBUKATLIK MYHO3002YUMYY HCOLLYVIYK OMKOPYMOYYIYK HCAPATHOADLIHbIH
MAMEMAMUKALLIK MOOELU KAMapul KOA0OHyIam. Yutyea 6aiiansiuumyy mepmyHuy mapmunme2u Kypama Jcana SUnepooiaiblk mun-
meau menoemenep yYuyH JHcanreaumolpyy MAcereCunut KOPPeKmyyiyeyH usuiooo Jdcana QopmyauposKaioo UiuMuil Kbl3vl2yyHy myy-
dypam. Tenoemenepoun ueyumoepur mabyyoa I punoun xcana Pumanowin yynkyusnapsl ycyroapsl Kor0oHyn0y. XKareawmuipyy ma-
CcenecuHur Oup MAAHUNLYY YEUUMUHUH HCAUWAWDBIH aHbIKMO0000 Bonmepoun scana Dped2onbMOyH IKUHUU POOO02Y UHMEZPANObIK
menoemenepune Ketmupyy ycyiy, OUWOHOOU dJie KbICbIN Ya2blIMYy NPUHYURMEPU KOLOOHYA0Y. ANblHean uHmezpanobik meyoemenepoun
YeUUMUHUH JHCAUO0 Wapmmapsl madwliovl. Kapanyyuy aumaxmoin Kammeliyyyy auMakmapsblHoa Jcapoamibl Macenenepou 4euyyHyH
He2U3UHOe, AHCANSAULMBIPYY MACEIECUHUH YeUUMUHUN JICAULAULBL JCAHA AHBIH HCAN2LI30bICLIHbIH JHCEMUMYY Wapmmapsl maobLiobL.
Tenoeme mubun 6320pMyy Coi3blebIHOALHL HCAOLIUMBIDYYHYH HCAHA MACENEHUH DePUTICEHOEPUHUH JHCAHA HCAPOAMUbl (PYHKYUALAPObIH
OpPMOCYHOA2bl KAMBIUMAPObIH AUKbIH WApmMmapsl 6epuiou.

Hezuszzu co300p: wemxu wapmmap, Ipunoun gyuxyusicel, I'ypcanvin macenecu, Pumanowin gynxyusicel, @ped2onrbmoyn men-
demecu, Bonbmeppoun meyoemecu.

B oannoii pabome cghopmynuposana u ucciedos8ana 3a0aua CoOnpsaNceHuss 0 YPAeHeHUsi COCMAHO20 U 2UnepooIuiecKko20 mu-
nog uemeepmozo nopsioKa 8 Kpugounelinou obaacmu. 3adaqu ¢ HeNOKATbHbIMU YCIOBUAMU CONPSJICEHUsL OJisl YPAGHEHUU 8 YACTHbIX
NPOU3BOOHBIX UCHOALIVIOMCS KAK MAMEMAMUYeCcKoll MOOeU npoyecca menionepeoaiu 8 COCMAasHol cucnmeme ¢ pasHblMu meniogu-
3UYeCKUMU Xapakmepucmukamu. B ceszu ¢ smum, gpopmynuposra u ucciedosanue KOppeKmHuuix 3a0au COnpsdiceHust Ois yPAGHeHUs:
COCMABHO20 U 2UNEPOOIULECKO20 MUNOE YeMEePmMOo20 NOPIOKA npedcmasisem Hayunvlil unmepec. [Ipu nocmpoenuu npedcmaeienust
pewenuil ypagHeHull Ucnonb306an memoo @yuxyuu Ipuna u Pumana. [ns ycmanogienusi 0OHOZHAYHOU pa3peuumMoCmu 3a0ayy
CONPSIICEHUsL UCTIONIb308AH MEMOO C8eOCHUsL K UHMEZPANbHbIM YPAGHeHUsM munog Bonemepa u ®pedzonvma emopozo poda, a maxaice
npunyun coicamuix omobpagicenuil. Hatidenvl yciosus paspewiumocmu noiyueHHbIX unmezpanvhulx ypasuenui. Ha ocnose pewienus
6CNOMO2AMENLHBIX 3a0AY 8 COOMBEMCMBYIOUWUX NOOOOIACMAX PACCMAMPUBAEMOU 001AcmU, HATIOEHO OOCMAMOYHbIe YCI08US CYuje-
CMBOBAHUU U eOUHCIMBEHHOCIU PeuleHue 3a0ayu conpsiicenusl. Jlanvl eHble YCA08US CKICUBANHUS U COOMHOUEHUSI MeHCOY OaHHbIMU
3a0a4U U 6CNOMOAMENbHLIMU QYHKYUSMU HA TUHUU USMEHEHUs MUNA YPAGHEeHUsL.

Knrouesvie cnosa: xpaesvie ycnosus, pyuxyus I puna, 3adaua I'vpca, ¢ynxyus Pumana, ypasnenue @pedeonvma, ypashenue
Bonvmepa.

In this paper, we formulate and study the conjugation problem for the equation of composite and fourth-order hyperbolic types
in a curvilinear region. Problems with nonlocal conjugation conditions for partial differential equations are used as a mathematical
model of the heat transfer process in a composite system with different thermo physical characteristics. In this regard, the formulation
and study of the correct conjugation problems for the equation of composite and hyperbolic types of the fourth order is of scientific
interest. In constructing the representation of solutions of the equations, the Green and Riemann function method was used. To establish
the unique solvability of the conjugation problem, we used the method of reducing to integral equations of Voltaire and Fredholm types
of the second kind, as well as the principle of compressed mappings. The solvability conditions for the obtained integral equations are
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found. Based on the solution of auxiliary problems in the corresponding subdomains of the considered region, sufficient conditions for
the existence and uniqueness of the solution of the conjugation problem are found. Explicit bonding conditions and relations between
the problem data and auxiliary functions on the line of change of the type of equation are given.

Key words: boundary value problem, function of Green, Goursat problem, Riemann function, equation of Fredholm, equation
of Volter.

Hycrs D =D, U D, — o6nacts na mnockoctu nepemennbix (X, y), e D, — kpusonuueiinsiii peyross-
mik ABN , a D, — npsamoyromsrux AB,BA, npuuem A(0,-1); B(0,1) N(h,0); A(-h,-1); Bi(-hy,1),
(h,h, =const >0). Kpome Toro, ;yru AN u NB onpenmenens jnoctaTouno Tiamkoii BO3pacTaromiei

bynxumeit g(y):[-11]—>[0,h], rze q)=0, q(0)=h; u {(q(y),y):-1<y<0; 0<y<1}; I"=AN,NA

PaccmoTpuM ypaBHEHUS YETBEPTHIX OPSIIKOB BUAA

a—zz(uxx+uyy+cu)=0, (1)
oy

Usgey 80 (X, YUy + 3, (X, Y) Uy, +D0, (X, YU, +b, (X, YU, +C (X, YU, +C, (X, YU, +

+d(x, y)u=0, 2

B KOTOpbIX 3,0,,¢, (K=12), a,,, @ys By Dys Cu Coy €C(D,);
C — BELICCTBEHHOE IIOCTOSHHOE, IIPHYEM
c<0.

B nanpHeiimeM paccMaTprBaeTcs TpaHUYHAS 3a/1a4a: TpeOyeTcs onpeae-muTh pemeHus ypaBHeHus (1)

u (2) w3 knacca C1(D) N C3(D) N[C*?(D,)w wC**(D,) uC**(D,)], npn tononHUTENbHBIX

YCIOBHUAX
u(x,0)=f,(x), u,(x,0)="f,(x), 0<x<h, (3)

u, | = f;(s), (s—ammna nyrm) (4)

u(x,—1) =w(x), —h <x<0, (5)

u(=h, y) = (y), (6)

U (=h, y) =wp,(y), -1<y<l, ()

B xoropeix T, f,.f;,w,w,, v, — 3anannbie dyHkumm, npraem Gyxem cunrars 4To
f, e C2(ON), f, e C*(ON), f, e C*(I'), € C*[-h, 0}y, e C*[-11],

(8)
v, € C*[-11] f,(A) =y (A), w(-h) =y, (-1), (=) =, (-D).
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Jlerko 3aMeTHTh, 4TO ypaBHEHUs (1) MPUHAIISKUT K COCTABHOMY, a (2) K TMIepOOIMYECKOMY THIIOB.
I'panuuHbIe 3a]a4K U1l yPABHEHUS TPETHETO U YETBEPTOTO MOPSIIKOB CMEIIAHHOTO U CMEIIAHHO — COCTaBHOT'O
THIIOB pacCMOTpPEHHI B padorax [1], [2]. Hmwke paccmarpuBaercss Bompoc 00 OJHO3HAYHOH pa3permmMOCTH
rpannuHoi 3a1a4 (1) — (7). [lomydeHb! OCTaTOYHBIC YCIOBUS CYIIECTBOBAHUS U €AMHCTBEHHOCTH 33/1a4H.

I'pannunas 3amada (1) — (7) MOXKHO pacCILCIUISATh HA CICAYIOIINE CAMOCTOSTEIbHBIC 3a1a4H:

3apaua 1. Tpe6yetcs onpenenuts pemenue ypasnenue (1) 3 kmacca C*(D1) N[C*?(D,) uC™*(D,)],
npu ycnoBusix (3), (4) u ycnoBuio

u, (+0,y) =7'(y), -1<y<1. 9)

3agaua 2. TpeGyercst OmpeeluTh pelleHne ypaBHenue (2) u3 kimacca C2 (52) NC**(D,) npu
ycnoBusx (5) — (7) u ycloBuio

u(=0,y)=7(y), -1<y<l1. (10)
[Ipu penrennu 3aaauu 1 BOCMOIB3YETCS OOIIUM MPEACTABICHUEM PEIICHUEM YPaBHEHUS
p ;2 (Uy +U,,) =0, (11)
B BUIIC
u(x, y) = Uy (X, ¥) + yA(X) + (x), (12)

B KoTopoM U, (X, Y) — rapmorndeckast pyrakuus, a A(X) n @(X)—nocraTouno riagkue GpyHKIHE B 001aCTH
D,, npuuem Ge3 orpanuueHnst OGUHOCTH MOYKHO TIOJIATATH
A(0)= o(0)=A(N)=w(N)=0. (13)
B mauane paccMoTpuM ogHOpOIHYIO 3ana4y 1 mms ypaBHenus (11).

HeprILHO IMMOKa3aTh, UTO 9Ta 3aJa4ad SKBUBAJICHTHA CIICAYIOUIEMY YPABHCHUIO

S+, =2"(x), (14)
C yCJIOBUSAMU
9| ==AX), 9] 55=0, 9| on=—2(X), (15)
B KOTOPpOM
d=u,. (16)

W3 nmpuHIuIa SKeTpeMyMa [jist rapMoHudeckux GyHukimii cienyer, uro npu Hanmnauu A(h) = A4'(0) =0
3amada 1 st ypaBuenus (14) He MOXKET IMETh 00JIee OTHOTO PEIICHHUS.

Iycts [ = {(x, ) eR? x> +y*=1 x> 0}. Torna npuanmMas Bo Baumanue (3), (4) u (12) umeem

9, = ;= AXE)], Hon= (), 9| e=7'(y), 0<x<1. (17)
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[lo anamorum kak B pabore [2], pemenue 3amaun (14), (17) MoxHO mpeACTaBIATH (HOPMYINOi

aG(o 77,x y) [ oG j (ae on ae]
Y) = o'(mdn—| f5(8)| —zon—— T A(&)dS -
Il -] 5775775105856770_@55
(G on aej
-[|S22-2 A9, (18)
![85 5 on )|, g%
B KOTOPOM
1 r. r,
G(&,m;%,Y) = —{In (—2] —In [iﬂ — (ynkums [puna:
2r r I
K =(x=&)*+(y-n)’, ry=(x+&)" +(y-n)’
==&’ +(y-n)", r=X+&)"+(y-n)"
¥=r12, 7=r—>;, r’=x>+y’.
B cuny (12) u BToporo ycnosus (17) Oyaem umeThb
9(x,0)+A(x) = f,(x), 0<x<1], (19)
Ecnu yuects popmyiny (18), To (19) npeacrapinseT co0oil ypaBHeHHE BUIA
1
209+ [K(x £AE)dE = F(x), (20)
0

Tae

AXE(X* -1) _
N [(@+x°)? —4x?& ] ’
F(X)= 1,00 j( L 1 jr'(t)dt_Zxa;x) [

2rx2 1+ S A= x) +4xt

K(x,&)=

PagenctBo (20) otHOCHTENBHO A(X) SIBISETCS MHTETPAIbHBIM ypaBHeHHEM Dpearoabma BTOporo
pona.

TakuM 00pa3oM ycTaHOBIIEHO IKBUBAJIEHTHOCTD 33724 1, K MHTEerpadbHOMY ypaBHeHuIo (20), u mpu
HaJIMYUH TEOPEMBI EJMHCTBEHHOCTH CIIEAYET UTO, PELIEHHE ITON 334a4H CYIIECTBYET

200 = F() = [ 1L (X EF(E)E, @y

rae 175(x,&) — pesonbeenta sapa K(X,E).
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VYuuteiBas (12), (16) u uaterpupys ypaBuenue (1) mo y , nomyuum

Gy +8, +cd=21"(x), (22)
501051

g, +8, =A"(X)-cd.

Jlerko 3aMeTHTH, 4TO, 337129y (1) MOKHO peayIpOBaTh SKBHBAJIEHTHHIM 00pa30M K PEIICHHIO
WHTETPAITBLHOTO YPABHEHUS

9% ) —c[[G(x, y;&,mHE mdédn = 9,(x, y), (23)
D,

U M0 NPHHATHIM MNPEANONOXKEHUSM O JaHHbIC 3a/aud, OJHOPOIHOE ypaBHEHHE HMEETh TOJIBKO HYJIEBOE
peleHne, a HeOAHOpoaHbIe Beeraa paspemnmo [3], roe &(X, Y) — pemenne 3agaun 1 ast ypasrenue (11).

[Tocne unterpuposanue no y ypasaenue (1), a Taxke yautsiBas Gpopmyny (12) umeem
Uy, +U,, +CU = YA"(X) + @"(X), (24)

YeTpeMiss X K HyJIO B paBeHCTBe (24) nMeeM

() =z2(y), -1<y<l (25)
rie
2(y) = yA"(0) +@"(0) — u(y) —cz(y). (26)
Torna B (25) cuutas z(Y) U3BECTHOI (QyHKIMEN PACCMOTPUM 33/1auy
7(A)=w(0), 7'(B)= f,(B).Pewenue sroii 3anaun maercs Gpopmysioii
1
o(y)=m(y)+ [ G,(t, y)z(t)dt, (27)
]
e
m(y) =y (0)+(y+1) f,(B), Gi(t,y) — dbynxuns [puna.
[lepernmenm ypaBaenue (27) B BUzE
1
7(y) = —¢ [ G,(t, y)r(t)dt+m,(y), (28)
x|
rie

m,(y) =m(y)+ [ G,(t, y)[yA"(0) +&"(0) - s(t)]clt .

JIerko 3aMeTHTh, 9TO SCIIN

2max|cG,| <1, (29)

—1<t,y<1
TO YpaBHCHUC (28) HUMCCT CAUHCTBCHHOC PCHICHUEC, KOTOPOC MOKHO 3allUCaTh B BUAC
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o(y) = M(y) - [ I, (t, y) u(tyet, (30)

rae

M (y) =m(y)+A"(0) | (Gl(t, YA"©)+ I, (v, tym() + [ I, (0, )G, (¢ r)dﬂjdz,

It y) =Gt y) + j L,(n0)G (¢, ndr’

W3 mocranoBku 3amauu (1) — (7) 7€rko 3aMETUTH CIEAYIOMINUE YCIOBUS COMPSKCHUS

u(+0,y)=u(-0,y)=7(y),u,(+0,y)=u,(-0,y)=v(y), a
uxx(+01y):uxx(_oly):/u(y)’ -1< ySl;

B KOTOPOM T(y), v(y), /J(y) — TIOKa CYHUTAIOTCS HEM3BECTHRIMHU (PYHKIIASIMHU.

IMpu pemennn 3amaun (2), (5) u (31) ucnonb3yst Meroasl paboThl [4] MOXKHO MOJIYYUT (GOPMYITY
npeacTaBIeHuUs

u(%, y) = (%, ¥) + [[ROX, ¥;0,m) 4/ (7) +2,(0,m)- R(X, ¥;0,1) a(r7) = B(X, y; )V (1) —C (%, ys m)v() +

+D(x, y;17)7'(7) + E(X, y; )z ()] dt, (32)

rne R(X,y;&,n) — dyukuus Pumana st ypasuenust (2), a

D(X, ) = Ry, (%, ¥ X, 0 () — [ A(x, y; O (£)d¢,

AX,Y;8) =R...(X,¥:£,0) —a,(5,0)R.. (X, y; £,0) + (b,(£,0) — 22, (S, 0))R. (X, ¥; £,0) + (b, (&, 0) -
€, (£.0) — 8y (&, 0)R(x,y:¢,0),
B(x, y;7) =R.(x,¥;0,7) —a,(0,7)3(x, y;0,7)

C(x,y;m7) =2,(0,7)-R.(X, y;0,7) +(a,:(0,7) —b,(0,7))R(X, y; 0, 77),
D(X, y;m) = R. (X, ¥;0,7) —3,(0,7)R. (X, ¥;0,7) — (8, (0, 7) b, (0,77))R(X, y;0,7),

E(x,y)=2,(0,7)-R..(x,¥;0,7) +(2a,.(0,7) —0,(0,7)R. (X, y;0,7) + (a.: (0,77) b, (0,77) +¢,(0,77))
xR(x,y;0,7).

[Moxacrasiss popmyiy (32) B (6) u (7), momyunm asa cootrouerust st 7(Y),v(y) u u(y)

R(=h, ¥;0,y)e(y) = B(=h, ¥, y)v(y) + D(=h, ¥, Y)(y) + [ (dys(y, h) se(7) + Aoy (y, V(1) +
+di5(y, )z (m))dn = 1,(y), (33)
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R(=h, %0, y)(y) = B, (=h, ¥, y)V(y) + D, (=h, ¥, V)7 (¥) + [ (du(y, ) 1) + A (y, ) (1) +

+d,5(y, 1)z (17))dn = 1,(y),
(34)

rae

d,(y,7)=-R, (-h,y;0,7) +a,(0,7)R(-h, ¥;0,77) , di,(y,7) =B, (~h,y,77) —C(-h, y,7),
di5(y,7)=E(=h,y,7) =D, (=h,y,n), d,(y,7)=-R,(=h,y;0,7) +a,(0,7)R, (=h, y;0,7),

dy,(y,7) =B, (=h,y,n7) —C,(=h,y,n), dy(y,n)=E,(-h,y,n7)— D, (-h,y,n),
f,(y) =w.(y) - @(-h,y) + D(-h, y,0)z(0) + R(-h, y;0,0)y"(0) — B(-h, y,0)y(0),
f,(y)=w,(y) - @, (-h,y) + R, (=h, y;0,00%{(0) — B, (h, y,0)y'(0) — D, (-h, y,0)y(0).

O06o3Hauas
y
—-Dr—|d,z(n)dn
R -B dy, dy, f, I N _ [y
Q(y.h) = K(y,h) = , T7= , P(Y) = :
R, -B, dy, dy f, ¢ v(y)
_DxT _Id232-(77)d77
0
[IycTs
detQ =0 (36)
U Tak, B cuny npunsaTeie 0003HaueHus ypaBHeHus (33) u (34) MoxkHO mepenucaTh B BUJIE
y
p(Y)+ [ K*(y.m) p(m)dn = fo(y), (37)
0
rie
y
B B C117+Clzjf(n)dﬂ
o =Q7|f+Tc Q7= RH QTr= '
' Cu? + szjf(ﬂ)dﬂ
0
¢, =-B,D-BD,, ¢, =-R,.D-RD,, | . k, k,
KE(y, ) =Q K(y,n) =
C, = B,d;, +Bdy, €y = Rydj3 + Ry, Ky Ky

Janee, uckmouas 7(Y) u3 (30) u (37), nonydyaem clieyroNIyr0 CHCTEMY yPaBHEHHUI
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1Y) == ks (. p()dn = [ Koy (y,m)v () + M, (y) = [ @4t Y)ue(t)elt,

y y 1 (38)
v(y) = [k (v, m(m)dn = [y (y, v (7)1 + M, (y) = [ @, (1, y)u(t)at,
rue )
M, () =M (¥) +C, [M()dn, M, (¥) =CcuM () +Cy, [ M ()dn,
0 0 (39)

y y
@, (t,y) :Cllrz(tiy)+c12jr2(t’n)d771 D,(t,) =szz(f,y)+szj‘Fz(t,77)d'7-
0 0

Pemast BonbrepoBckue dactu ypaBHeHus (38) Kak B epBOM, Tak M BO BTOPOM OTHOCHTENbHO 4(Y) U
v(y) cootBeTcTBEHHO GynEM

w(y) == N (v, m)v(m)dn = [ N, (y, ) ()t + M, (y),
0 -1 (40)

y 1
v(y) ==[ N (v, m)(m)dn — [ N, (y, ) ()t + M, (y),

0 -1
[Moncrassis 3nauenne Gpyuxuuu v(Yy) u3 Bropoe ypasuenue (40) B mpaByro 4acTh MepBoe OyIeM UMETh

#(y) = [ N(y,m) () + [ No (y,m) () + My, (y) + [ Ny (y, )M, (7)d, (41)

B KOTOPOM

Ny (y,7) = [ Ny (¥, N3t )elt, No(y,) = [N, (Y, ON, (&, m)dt+ N, (y, 7).

Ypasuenuro (41) MOXKHO IPUAATH BU

#(y) = [ Ng(y,m)u(ydn + [ No(y,m) () + £ (y), (42)

rie

Y(y)= Mlz +j Nl(y777)'\7|zz(77)d77-

B pesynbrate ogHo3HauHON 00paTUMocTy BonbTeppoBckoii yacT B ypaBHeHHE (42), OHO IPUBOAMUTCS
K WHTETrpalbHOMY ypaBHEHHI0 PpearosbsMa BTOPOro poaa

w(y) = a(y)+ [ S(y.mutn)dn, (43)
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rae

S(¥,7) = Ng(y,m) + [ R (¥, DN, (&, ),

a(y) =w(y)+ [ R (y,)¥(t)dt, P(y,t) - pesomsenta nnpa Ng(y, 7).

IIycts

2 max
-I<y t<1

P(y.t)<1,. (44)

Torna onpenenss gpynxuuio £(Y), u3 ypaBuenue (40) naxoaum dpyukuuio V(Y), ¥ TeM caMbIM peliae-
TCA 3a7a4a 2.
Hcxons u3 BhITIe U3M0KEHHOTO HETPYIHO TIOKa3aTh, YTO pelIeHre rpaHu4Hoi 3anaun (1) — (7) MoxHO

peAyIMpoBaTh K PEIICHHI0 HWHTETpaibHOrO ypaBHeHUs (23). Ecmm RO(X, y;&£,17) pesonbBeHTa sapa
c-G(x,y;<&,n), To pemienne ypaBHeHus (23) MOKHO TIPEACTABUTH HOPMYJIOi

9%, y) = 8 (%, V) + [ R (%, v; €,m) S (£, m)ddny . (45)
D,

Pemrenue 3agaun (1) — (7) B obmactu D, umeer Bug

u(x,y) = [ 9(x,m)dn + f,(x),

(46)
B KoTopoM H(X,77) peuienne 3anaun (14), (17).
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