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byn unumuii maxanaoa oup xaneinmyy auHOENEE0VK MEUKUHOUK MYWYHYSY Kupeusunzen xcaua usunoeneel. bup xanvinmyy
JTUHOENEBOVK MEUKUHOUK TUHOENEBOVK MEUKUHOUKMUH OUp Kanrblnmyy ananozy 6oayn canaram. Ap oup cenapabendyy mempuzayusi-
JIAHEAH MEUKUHOUK OUp Kaiblnmyy JUHOeNEé80yK MeUKUHOUK IKeHOu2U KOpcomyneoH. bup xamvinmyy melikunOukmepour xapanvin
JICamKan Kiaccol Menen KOMIaKmyy Jcana Kyumyy 6up xansinmyy B -napaxomnaxmyy meiikunouxmepoun knaccwlibii apacoiioazol
batiransiumap mypay3yayn, 6ya Kiacc KOMRaKmyy scana Kyumyy 6up kainmyy B - napaxomnaxmyy meiicunouxmepoun knaccma-
PBIHBIH APACLIHOA AHCAUCAUWKAHObIZEI MACMBIKMAN2AH. Anbinean Hamwilidicanrapovii 032040 maanunyycy boayn A. Bopybaesoun
«KaUCbUl OUp Kanvblnmyy MeuKUHOUKmep Kaanaeanoai Yekmyy a0Oumusoyy aublk )  a#caboyy YuyH KaHoatowlp bup cenapabendyy
Mempu3ayuanianean MeUKUHOUKKe Kapama ()  -4azvlaovipyyea 33 6010m?» 0en kornean macenecunun veyunuwiy canaram. Ouiony
MeHeH 271e bupae 6up Karbinmyy JuHOenE80yK MeUKUHOUK OUp KAIbINmyy myoK 4azbliovipyyoa o6pas mapadvlHa, an dMu Oup Kauwin-
Myy JdcemKuieH Ya2uli0blpyyoa npooopas mapabblHa Cakmanbiuibl OaIUI0EH2EH.

Hezuszu co300p: 6up kaneinmyy MetkuHOUK, OUp Kanblnmyy JUHOenEé80yK MeUKUHOUK, YeKMYY ad0OUmugoyy #aooyy.

B nacmoswei cmamve 6800UMCA U U3V4AEMCA PAGHOMEPHO TuHOenéghosvl npocmpancmea. Pasnomepno nundenéghoswi
NPOCMPAHCMEa ABIAIOMCA PABHOMEPHLIMU AHANO2AMU TUHOENEDOBbIX npocmpancme. B uacmumocmu nokasana, umo kaswcooe
cenapabenvroe Mempusyemoe npOCMPAHCME0 ABNACMCA PASHOMEPHO TUHOEAEPOBbIMU. YCmanosnenvl C8A3U paccMampusaemozo
K1ACCa PAGHOMEPHBIX NPOCIMPANCIG MeJICOy KIACCAMU KOMNAKMHBIX U CUTbHO pasromepio B - napaxomnaxmuwix npocmpancme,
BbIACHENO, YN0 IMONT KIACC HAXOOUMCS MEICOY KNACCAMU KOMNAKMHBIX U CUlbHO pasnomepno B - napaxomnaxmmuvix npocmpancme.
Haubonee sadicnvim pesynomamom asnsemces pewenue npoonemul A. bopybaesa: «xakosvl me pasHomepHvie RPOCMpPAHCmMea KOmopbvle
obnadaiom @ - omobpadicenus Ha HeKOMopoe cenapadenbHo Mempusyemoe pagHoMepHoe NPOCMPAHCMBO Ol 1106020 KOHEUHO
a0OUmMUBHO20 OMKPLIMO20 NOKpuimus )  ?». Hokazama, 4mo npu pasHOMEPHO 3AMKHYMbIX OMOOPAdICEHUAX PAGHOMEPHAS
nuHOenéghosocms coxpansemcs 8 CmopoHy 06pasa, a npu paeHOMEpPHO COBEPUIEHHBIX OMOOPAdICEHUAX 8 CIOPOHY NPOOOPaA3a.

Knrouesvie cnosa: pagnomeproe npocmpancmeo, paeHOMepHO TUHOeNEHo6o NpoCmMpancmeo, KOHeUHO adOUmugHoe NOKpulmue.

In this article we introduce and study uniformly Lindelof spaces. Uniformly Lindelof spaces are uniform analogies of Lindelof
spaces. In particular, it is shown that every separable metrizable space is uniformly Lindelof. The connection between the classes of
compact and strongly uniformly B - paracompact spaces is established, that is, it is clarified that this class is strictly between the
classes of compact and strongly uniformly B - paracompact spaces. The main result of the work is the solution of the problem posed
by A. Borubaev: “what are uniform spaces which have uniformly continuous @ -mapping on separable metric uniform space for
any finitely additive open covering @ ?“. It is proved that for uniformly open and also uniformly closed maps, the uniform
Lindelofness is preserved in the direction of the image, and for uniform perfect mapping to the inverse image.

Key words: uniform space, uniformly Lindelof space, finitely additive covering.

The class of Lindelof spaces is important in general topology. There are different approaches to the
definition of uniformly Lindelof space. Everywhere in this article, topological spaces are assumed to be
Tychonoff, uniform spaces to be Hausdorff and mappings to be uniformly continuous. For the uniformity U

by 7;; we denote the topology generated by the uniformity. For the covering , of the set X and xe X,
Hc X wehave: g(x)=u{dea:43x}, a(H)=uU{dea:An H = D} . For the cover , and g of

the set X, that symbols & >~ S , and a* = B means respectively that the cover , is a refinement of the
cover 3 , and the cover , is a strongly star refinement of the cover g , i.e. {«(A4); 4 € a} > . For the

covering 4 of subsets of the set X and a finitely cardinal number 1, let

Ay, = {La, o, ca, 0[0‘ <N, }. The covering , will be No—additive or finitely-additive if , o - a-

We can now formulate the definitions of uniformly Lindelof space belonging to Isbell [1], Aparina [2]
and Borubaev [3].

Definition 1. [1] A uniform space (X,U) is said to be uniformly /-Lindelof, if every uniformly
covering admits a countable uniformly covering refinement.
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Definition 2. [2] A uniform space (X,U) is said to be uniformly A -Lindelof, if for every open

covering , there exist a countable uniformly covering ﬂ = {Bn;l’l € N} and y € U such that B~ Oy, and
7(En) CBnH forneN.

In the work [2] it is proved that any uniformly A -Lindelof space is complete. From this follows that any

separable metrizable uniform space, by a non complete separable metric, uniform spaces are not uniformly A
- Lindelof spaces.

The uniform space (X ,U) is said to be uniformly B -paracompact [3], if for each finitely additive open

cover } of (X,U) there exists such sequence uniform covering {O(i e N} U, that following condition is

realized:
(UB). For each point x € X there exist such number i € N and I" e y that o, (x) c I .

Definition 3. [3], [5]. A uniform space (X ,U) is said to be uniformly B -Lindelof, if it is uniformly B

-paracompact and /-Lindelof.
Definition 4. A uniform space (X ,U) is said to be uniformly Lindelof, if for each finitely additive open

covering » of (X,U) there exists such a sequence of countable uniform covering {05,1 :ne N} U, with
property (UB).

Proposition 1. Any separable metrizable uniform apace (X ,U) is uniformly Lindelof.
Proof. Let (X,U) be separable metrizable uniform apace. Then the uniform space (X,U) has been

countable base B= {0(,1 n EN} consisting is countable coverings. We prove that the any finitely-additive

open cover ) of (X,U), the a sequence countable covering {Oln :neN}cU, realizing the condition (UB).
Let x € X be arbitrary point. Then there exist I" € y, such that /" 3 x. Due to definition of topological space

()(: TU) exist such uniform covering o € U , that o (x) = I" . Then there exist such number ne N, that
a, = a - ltsclearthat ¢ (x) c a(x) c I . Thus, the uniform space (X ,U) is uniformly Lindelof.

Proposition 2. If (X ,U) is uniformly Lindelof space then the topological space ()(, TU) is Lindelof.
Conversely, if (X,7r) is Lindelof then the uniform space (X ,U , ) is uniformly Lindelof, where U , is a
universally uniformities of the space (X ,7).

Proof. Let ¥ be any arbitrary finitely additive open covering of the space ()(, TU). Then exists a normal

sequence of countable uniformly coverings {05,1 :neNycU, realizing the condition (UB). Then, due to

separable metrizational lemma, there exists such separable pseudometric d on X , that
1 . .
a,,(x)c{y:d(x,y)< Yo tca,(x),forall xe X, neN.Thefamily <y >={<I' > T ey} isan

open covering of the separable pseudometric space (X ,d) . From the fact that every separable metrizable

space is a Lindelof that it follows that there is a countable covering » of the space (X, Tp) refined in an open

covering 7. Since 7, & 7y, then 5 is countable open covering of the space (X; TU). Therefore, ()(, TU) is

Lindelof. Conversely, let (X,7) be a Lindelof space. Then the set of all open coverings forms base the
universal uniformity U , of the space (X,r). Then, it is easy to derive from separable metrizational lemma,
that (X,U , ) is uniformly Lindelof space.

Every uniformly B -Lindelof space is uniformly Lindelof.
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Remember [3] a continuous mapping f : X — ¥ of a topological space X to a topological space Y’
is said to be a » - mapping, if for each point y € Y there exist such neighborhood 0 5 y and W € @, that

focw.

Theorem 1. For the uniform space (X ,U ) the following conditions are equivalent:
1. The uniform space (X ,U) is uniformly Lindelof.

2. For each finitely additive open cover , of (X ,U) _there exists a uniformly continuous o, _-

mapping £ of the uniform space (X ,U) onto a separable metrizable uniform space (Y,V) .

Proof. 1 = 2. Let (X,U) be a uniformly Lindelof space and » be a finitely additive open covering of
the space (X,U) . Then for a covering , there exists a normal sequence of the countable coverings {« , } ,

realizing the property (UB). For {¢ } , there exists such separable pseudometric d on X , that

a, ,(x)yc{y:d(x,y)< }ca,(x), for all xeX and for all ne N . Introduce the relation of

2n+1
equivalence: X ~ yifand only if d (x,y) =0, forany x, y e X .Let ¥ be the factor set of the set X relative
to the equivalence relation "~ and f:X — Y is natural projection. Denote

p(yl,yz) =d(f_1y1,f_1y2)for all y,,y, e Y .Itis easy to check that p is a separable metric. Let V' be
a uniformity on Y induced from the separable metric p . The map f :(X,U) — (Y,V) is uniformly
continuous. Let y € ¥ be an arbitrary point and x be any pointin f ~'y . Then there exist such number n e N

and Wew , that o, (x)cw . Denote O ={yeY:p(y,y)< + . Then

2n+2

f'IOy c{xe X:p(xx)< }ca,(x)c W .Hence, f isa » -mapping.

2n+1
2=1. Let », be an arbitrary finitely additive open covering of the space (X,U) , and

f : (X ,U) —)(Y a)’Va)) be a uniformly continuous , -mapping of the uniform space (X ,U) onto a
separable metrizable uniform space 04 w,Vw) . We show that the uniform space (X ,U) is a uniformly
Lindelof space. Then exists a base consisting of countable coverings { g } of the space (Y w’Vw)- Denote

{a,}, where &, = S/ _1,8,,. Obviously, {a ,} is a family of the countable uniform coverings of the space

(X,U) . We prove that for every point x € X' exists number n€ N and W € @ such, that o (x) c W . Let
xe€X is an arbitrary point. Then for point yeY , y= f(x) there exist Oy Y u W e @ such that

f _IOy CW . Hence, for point X € [ _ly cf _IOy exists such number n e N, that &, (x) C f _IOy cW.
Thus, the uniform space (X ,U) is uniformly Lindelof.

Proposition 3. Each closed subspace (H,U, ) of a uniformly Lindelof space (X ,U) is uniformly

Lindelof.
Proof. Let o ,, be an arbitrary finitely additive open covering of the subspace (H,U ,, ) . Then there exist

such open family 7jof (X,U), that &, =5 A {H}.Denote o = {, X \ H} . It‘s clear that , is an open
covering of the subspace (X,U) . Since the latter is uniformly Lindelof, then for , exists a sequence
countable uniform covering {y }, with properties (UB). Denote ¢, 71,  # = , A (f} .Obviously, 1, 7
is a sequence countable uniform coverings of the space (H,U ,,) . It is easy to see that, for each point x € H
exists such number 7€ N and 4,, € «,, , that yi(x)=y,(x)"H c An H = 4, - Hence, (H,U ) is a
uniformly Lindelof space.
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Remember [4] that the uniform space (X ,U) is said to be uniformly locally Lindelof, if there exists such
uniform covering & € U that the closures of all its elements are Lindelof.

Proposition 4. Any uniformly Lindelof space is uniformly locally Lindelof.

Proof implies from proposition 2 and 3.

Corollary 1. Any compact uniform space is uniformly Lindelof.

The uniform space (X,U) is called a strongly uniformly B -paracompact, if it is a uniformly B -
paracompact and the topological space (X, TU) are strongly paracompact.

Proposition 5. If (X ,U) is strongly uniformly B -paracompact space then the topological space

()(;TU) is strongly paracompact. Conversely, if (X,r) is strongly paracompact then the uniform space

(X,U ,) isstrongly uniformly B -paracompact, where U , is a universally uniformities of the space (X ,7)

Proof. Let , be any arbitrary finitely additive open covering of the topological space ()(,TU) and
/X, 7,)—=>(¥,7,) isa , -map of the space (X,7;,) onto the space (Y,7, ) - Then there exists an open
cover 7jin Y o such that 7' ~ 2 . If @ is a star finitely open refinement of the cover 7;then the cover
/' u 1s open star finitely cover and is a refinement of the cover » . Hence, ()(, TU) is strongly paracompact.

Conversely, let (X,r) be a strongly paracompact space. Obviously, set of all open coverings forms base the
universal uniformity U , of the space (X,r). Then, it is easy to derive from separable metrizational lemma,

that (X,U , ) is strongly uniformly B - paracompact space.

Theorem 2. For the uniform space (X ,U ) the following conditions are equivalent:

1. The uniform space (X ,U) is strongly uniformly B -paracompact.

2. For each finitely additive open cover , of (X ,U) _there exists a uniformly continuous » _-

mapping f of the uniform space (X ,U) onto a strongly paracompact metrizable uniform space &,.V,).

Proof. 1| = 2. Let (X,U) be a uniformly strongly B -paracompact space and , be a finitely additive
open covering of the space (X ,U) . Then for a covering » there exists a normal sequence of the uniform

coverings {¢  } , with property (UB). For {¢  } , there exists such pseudometric d on X , that

a, ,(x)yc{y:d(x,y)< tca,(x), xeX, neN. For any x,ye X let x~yif and only if

2 n+1
d(x,y)=0.Let Y, be the factor set of the set X relative to the equivalence relation " ~* and f: X — ¥

is natural map. We put p(yl,yz) =d(f_1y1,f_1y2)for all y,,y, eY.Then p(y,,y,) is ametric on the

set Yw . Let y be a uniformity on Yw induced from the metric © . Then by inclusion

a,,(x)c{y:d(x,y)< }ca,(x), x€eX, neN we have the map X U0)—>X,.V) is

2n+1
uniformly continuous. We show that f is a », -mapping. Let y € Y be an arbitrary point and x e f'y.
Then there exist such number neN and Wew , that g (x)c W . Denote
1

} < B,(x) c W . Consequently,

0, ={yeY:p(y,y)< }. Then f7'0, c{xe X : p(x,x) <

2n+2 2r1+l

f 1sa  -mapping.
2=1.Let », be an arbitrary a finitely additive open covering of (X ,U), and f (X, U)—>(T, s Vw)
be a uniformly continuous , -mapping of the uniform space (X ,U) onto a metrizable uniform space

(Y,V).Forevery point ) € Y » there exists a neighborhood Oy 3 ), the inverse image of which lies in some
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clement of the , . Then exists a sequence of countable uniform coverings {3 } of (¥,.V,), for which

-1 . .
property (UB) holds. Denote {« ,} , where &, = f ,Bn. Obviously, {« ,} is a sequence of the countable
uniform coverings of the space (X ,U) . Then it is easy to see that the sequence {«,} , €N has property
(UB). Now we prove that the open covering » exist such star finitely open covering 7, that y > @. Denote

A= {Oy NS Y a,} , then there exists an star finitely open cover 7; in Y » suchthat » = 1. Hence, f'n ~ ©

. If 7jis a star finitely open cover then cover s ~'5 1is an open star finitely cover of the space X . Thus, the

uniform space (X ,U) is strongly uniformly B -paracompact.
Theorem 3. Let (X ,U) be a uniform space and ¢X certain compact Hausdorff extension of the space

X, 7, U). Then the following conditions are equivalent:

1. A uniform space (X,U) is uniformly Lindelof.

2. For each compact K < cX'\ X there exists a sequence countable uniform coverings {¢ , } ,realizing

the condition:
for each point x € X there exists such number n€ N, that [o, (x)],, " K =D .

Proof. | = 2. Let (X,U) be a uniformly Lindelof space, cX be certain compact Hausdorff extension

of the space (X, TU) and K < cX'\ X be an arbitrary compact set. Denote the set of all such open subsets of
I" compact cX ,that [I"],

X

NK =g as ). Let p={I'n X :TI ey}.ltiseasy to see that, the covering
S s a finitely additive open covering of the space (X ,U ). Then exists such a sequence countable uniform
coverings {¢ ,} , that for each point x € X exists number ne N such, that o, (x)c I'n X for "'ey.
Hence, [a, (x)],, N K = @ . Further, in the finitely additive open covering £ , an star finitely open covering
o« can be refined. Then for any 4 €« existsuch Be g,that AcB=1"MX .Thus, [4], "nK =@ .
2=1. Let p be an arbitrary finitely additive open covering of the space (X ,U). Than exists such
family } of open subsets of the certain compact Hausdorff extension cX , that g ={I"~ X : " € y} . The
set K = cX \U{I': I" € y} is a compact. By the condition of the theorem, for the compact K < cX \ X exist
such a sequence countable uniform covering {¢ ,} , realizing the condition: for each point x € X there exists

such number neN , that [a (x)], n K =@ . Then there exist such {5, I r,}cy , that

2 9ees

[a,(x)]., © v I" . Consequently, &, (x) C (kgl I )N X . The covering £ is a finitely-additive, therefore
(k_Jl I'ynmXep.

Proposition 6. Every uniformly Lindelof space is a strongly uniformly B -paracompact.

Proof. Every uniformly Lindelof space is a uniformly B -paracompact and its topological space (X, TU)
is a Lindelof. Hence, the uniform space (X ,U) is a strongly uniformly B -paracompact.

Proposition 7. Any strongly uniformly B -paracompact space is uniformly B -paracompact.

A uniformly continuous mapping f : (X,U) — (Y,V) of a uniform space (X ,U ) to a uniform space
(Y,V) is said to be uniformly perfect, if it is both precompact and perfect.

Theorem 4. The uniformly perfect preimage of the uniformly Lindelof space is a uniformly Lindelof.
Proof. Let f/:(X,U) — (Y,V) be a uniformly perfect mapping of a uniform space (X ,U) onto a

uniform space (Y,V) and , be an arbitrary finitely additive open covering of (X ,U) . The covering

{f _1y :y €Y} is arefined in the covering , . By virtue of closedeness of the mappings f , the covering
L ={f"0:0ecw} is finitely additive open covering of the uniform space (Y,V) where
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f*0 =Y\ f(X \0). Since the uniform space (Y,V) is a uniformly Lindelof, then there exists a normal
sequence of the countable covering {¢ .}, realizing the condition: for every point y e ¥ such exists number

ieN and f70 e g ,that g (y)c r*o .Itiseasy to see that the covering f _1ﬁ is refined by the coverings
(. Let x € X bean arbitrary point. For the point y e Y, y = f(x) existssuchnumber i € N and 770 € g

, that 5 (y)y< s*0 . Then exist such &, €U, that fa, = B, - It is easy to check that
a,(x)c f _I(fan mcf _1,3,1()/)C0. Consequently, the uniform space (X,U) is a uniformly
Lindelof.

Proposition 8. A product (X,U)x (Y,V) the uniformly Lindelof space (X ,U ) on the compact space
(Y,V) is a uniformly Lindelof.

Proof. As is known, the projection f : (X ,U)x (Y,V) — (X,U) is a uniformly perfect mapping of a
product (X,U)x (Y,V) onto uniformly space (X,U) . Then the product (X ,U)x (Y,V) is a uniformly
Lindelof space according to theorem 4.

Remember [6] a uniformly continuous mapping f : (X,U) — (Y,V) of auniform space (X,U) onto

a uniform space (Y,V) is said to be uniformly open, if for each @ € U there exists such and g eV that
f(a(x)) o B(f(x)) for all xe X . Also a uniformly continuous mapping 7 :(X,U) - (Y,V) of a
uniform space (X ,U) onto a uniform space (Y,V) is said to be uniformly closed, if for each & € U there

exists such g e ¥ that o f - O f - (B(y)) forall yevy.

Proposition 9. The uniformly open image of the uniformly Lindelof space is a uniformly Lindelof.

Proof. Let f:(X,U)— (Y,V) be a uniformly open mapping of a uniform space (X,U) onto a
uniform space (Y,V) and S be an arbitrary finitely additive open covering of (Y,V). Then & = f B Pisa
finitely additive open covering of the space (X ,U). Since the space (X ,U) is uniformly Lindelof, there
exists a sequence {0(,, ‘n EN} U countable uniform covering, that following condition is realized: for

each point x € X there exist such number ne N and A€« that o (x) ¢ 4 . In view of the uniform

openness of the mapping f for &, €U exist B, €V such that f (Oln (x))> ,Bn (f (x)) for all xe X.
Hence, for each point y e Y exists such ne N and B e g, that g (y) c B . Therefore, the uniform space
(X,U) is auniformly Lindelof.

Proposition 10. The uniformly closed image of the uniformly Lindelof space is a uniformly Lindelof.

Proposition 11. For , -mappings the uniform Lindelofness is preserved in the direction of the inverse
image.

Let X be the subspace of the space / consisting of all sequences {x,,} of real numbers such that

0<x,<I for all neN and X, =0 for all neN , except perhaps for a single value. Then

PxN=Y

hence, not uniformly A -Lindelof. However, it is separable metrizable, hence uniformly Lindelof.

X, V., xeX, yev, x=1{x }, y=1{», }is a metric on X . The space X is not complete,
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