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byn makanaoa cunzynapoyy ko32on2on napabonansvik meyoeme cneKmpunuH YeKumu 3Ceiyy JHcana mypykmyy amec 60120H002y
macene kapanean. Acumnmomuranvt mypay3yy A.C. Omypanues [1] mapabvinan adanmayusianean cuneyasipoyy K0320120H napabo-
JIAnbIK menoemenepou peyiapu3ayusioo MemooyHa Hecu30enceH.

Hezuzeu co300p: cuneynapoyy Ko320120H Mdcele, pecyispu3ayusano, peyiapusayusioody @QyHKyusiap, o30yK Mmaauuiep,
onepamopoyH cnekmpu, mypyKmyy amec d1eMeHm.

Paccmampusaemcs 3a0aua, K020a CUHEYIAPHO BO3MYUJEHHOE NAPABOIUYECKOE YPAGHEHUE UMeem KPAMHYIO U HeCMAOUTbHYIO
moyky cnexmpa. Ilocmpoenue acummomuky 0CHO8AHO HA MeMOoOe PeyaApusayuY Oid CUHSYIAPHO 603MYUEHHBIX NAPAOONUYEeCKUX
3a0au, adoanmuposannviii A.C. Omypanuesvim [1].

Knrouesvle cnosa: cuneynapho 6o3mywennas 3a0aud, peyiapusayus, pecyiapusyiowue GyHKyuu, coOcmeenHvle 3HA4eHUs,
CHeKmp onepamopa, HeCmadUuIbLHblll 2NEMEHM.

In the article, the task of a singularly perturbed parabolic equation which has a multiple and unstable point of the spectrum is
considered. The construction of the asymptotics based on the regularization method for singularly perturbed parabolic problems,
adapted by A. Omuraliev [1].
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Consider the task
Lou = ed,u — €2a(x)0?u— L(u = f(x,y,t), x,t€Q, (1)
u |t=0 =h(x,y), u |aQ =0, 2)

Where Q = {(x,y,t): x,y € (0,1), t € (0,T)}, &> 0— the small parameter.
The task (1), (2) will be studied under the following assumptions:

1) a(x) € C*[0,1], f(x,t) € C*(Q),

2) a(x) >0, vx €[0,1]

3) {4;(t)} the spectrum of a self-ad joint operator of a simple structure L(z), for each t € [0,T]
supplies conditions

M) = 2,(8) = =2, < Apyr(B) < Apy2(®) < - <A (0) < <0
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where 1;(t) # 0, Vi =p+ 2,n, and the unstable element of the spectrum of the operator is representable
in the form

(D) =tq(), q) <0, VvV te[0,T]

4. The condition for matching the initial and boundary conditions is in progress:

We generalize the results of [1] to the case when the limit operator has a multiple and unstable
spectrum.

M.1. The regularization of the task (1),(2). We extend the operator L., in order to inculcate regularizing
functions:

1,
(pj( )

t
yeds=29 o =L 2 [ asdds | =20,
f 14 \/E J 14

ﬁ(pzﬂl
3)

G DL R 1Co R G
i Jam T Ve T Ve

and instead of the desired function u (X, y.t, €) we consider the extended function

j=pp+2,p+3, n==, &1

(M, e),M = (x,y,t,&,1,1), & =(&,§&,), T = (11,7,), such, that

A, ) lgoaiere = uGy t,0), @)

0=z, alxte= <‘p§),"’pr/1§(t)'l/)\g),z/\;/(§>'

P(O) = (01,92, Pps Ppiar ) W) = (1(0), 92 (2)).

Find out
1.1 v 1, _
atUE atu+€—26nu+g Z Aj(t)arju+$(pp+1(t)a7:p+1u ’
j=p(j#p+1) O=a(xt,c)
1< 1%
du= aa+—z x6ﬂ+—2'x6ﬁ , 5
X ( X \/El=1lpl( ) & \/;l=1l/)l( ) 4 > ( )

O=a(x,t,e)

! 2 n
<lpi/(gx)> afza +2 lpi/(‘ ) axfz i/(gx) afla

Y (x e 1 o 1) [(x) .
< : PE > l i+ 2 \;— axfl \Z/E—ZC aflu]) O=a(x,t,e)-

+

2

02u = (8, + 2
=1

+2
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Using the representation of the operator L(t)through the projectors:
L©®) = ) HOB),
j=1

whereP; proper projectors corresponding to A;(t), on the basis of (4), (5), from (1), (2) and we obtain the
extended task

—_

L.

0,11 + = 0yl + Dyl + Vepp,1 ()0

Tp+1

1
i — e2a(x)0? i — EA(u —eD; i

W)

—edit —eDgii - ) BOPOEM, ) = fGy,0),  MEQ

j=p
u |t=0,‘r=1]=0 = h(x,y), U |aQ =0,
or, regrouping the terms, we rewrite
L.Ai(M,¢) = €0, + 1a,,a + Dyii — eAgu — i AP ()E(M, €) —lAzﬂ -
£ = £

—VED; i + Ve (t) |0r,,, 0| — VESDeii — £2D, (M, ) = f(x,y,), MEQ (6)

i |t=0,‘l.'=77=0 = h,(X), ﬁ(M, 8) |aQ =0,
D, = z 4O, A =2 +37, L =a()d
j=p(j#p+1)

Drg, = a(0)[21 ()0, + Y[ (V)].

By the solution of the extended task (6) we will define in the form

a(M,e) = Z szz b, (vlk(x ) +Z b (V) +
i=—1 k=1
5
j=p

2
Cij"k(x, t) + 2 Z (x t)erfc (7)] exp(rj) +
=1

[qlk(x t) + Z w; k(x t)erfc( é:/—)] V(Tp+1) =V +V+ Vs @)

where y(7p41) is the solution of the task.
VI(Tp+1) + Tp+1V(Tp+1) =1, y(0)=0 ()

Taking into account (*), and Ve 1 (£)Tp41 = —Ap41(t) we have

5
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\/E(P;:H(t)arpﬂy(fpﬂ) = \/E§0;J+1(t)[1 - Tp+1V(Tp+1)] =

= 61 (D) + Lpss (O (tpsr).

In view of the latter, we calculate the action of the operator L, on the function

V3 = z s/ZZbk(y,t) |:q1k(x t) +zwlk(x t)erfc( i—)]y( p+1)

i=—1

and we got

= Z siz [—P,rl + \/E(,oéﬂrl(t)(?,p)r1 + e(at - Af) - ezLx] X

i=—1 k=1

2
[qm(x 0+ Z wlyx, Derfe (4 )] V(T )b, 0) =

N

- Z E%Z {[(_Ak(t) + AP+1(t)) V(Tp+1) + \/E‘P;:H(t)] X

i=—1 k=1

X |qix(x,t) +Zwlk(x t)erfc( i )] b(y, t) +

24t

2
e | (auk e 0B D) + D ( ), (oot Ob(0) erfe (ff)] (tpes) =

1
—& /ZZDX$I< Lk(x t)erfc< S:/_)> }/(Tp+1)bk(3" t) -

— e, [qlk(x t)+2w1k(x Derfe (- ‘(f)] y(rp+1)bk(y.t)} ®)

We make the substitution 8; = 7, 0,41 =

(Da + \/E%H(f)arpﬂ) U = 2 A ()09, u; + Apy1(t)0g,,, Ui =
j=1(j#p+1)
= Xj21 4 (0)0g,u;, )
the ratio is taken into account here
\/— p) \/— F) _ \/— I} (pp+1(t) 9 9
(pp+1(t) 1p+1u §0p+1(t)77p+1 9p+1 - g(/’p+1(t) T 9p+1 §0p+1(t)(pp+1(t) 9p+1ul

= Ap+1 (t)69p+1ui-
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Next, we calculate the action of the operator L, on the function V2, Vi:

= L_Zl 2 2 Z [ i];k(x, t) +ZZ§",{(x, t)erfc <2€_\;f)] X

X [4;(©)bx (v, )e? — 2, ()b (v, )e ] +

+EZ[at ¢l (O (7, 6) + z iy (Db, (3, ) CYy () +
: 3
+Z (at J (x, )by, £) + z ey (Db, (7, D21 (x, t)) erfc( \/_)] exp(6;) —

=1
\/gi i D¢, ( Lk(x terfc ( i/_)> exp(6;) b (v, t) —

j=p1=1

o 2
—&? Z <LxCi{k (x, t) + Z Ly (Zil,',]c'(x, t)) erfc (%)) exp(ej) b.(y,t)¢, (10)
' =1

j=p
_ > (1
LVy = Z £2 Z{ Tluzk(Nl)bk(y: t) —

[ee]
i=1 k=1

~

2 2
=) (O Nbe(,6) = VE ) Dk (N) +
=1 =1

te& Z[at(u%,kbk) - SLxuf,kbk 67 t)] = L@V (x, )b (3, t) —
=1

— 20, (Vi G b (7,6)) — €21,V (o, O (3, 0) },
Ty =0, — A (11)

Taking into account the above calculations (8) - (11) the extended equation (6) is written

[e%) [e] 2
L= Z 51\22{2[ Tyuf (N — A (O)ul  (N)) by (3, t) — VeDgug (N +

~
II

+e ) (O, 0,0 ube (V) = B (OVise (, OB (3,0 +
u=1

+e| 0cVik(x, b (y, t) + Z Ay (Ob, 3, OV (x,8) |+ 2L, (Vi (x, )b (v, 1) +
u=1
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+Z[(Aj(t)—/1;;(t)< ), t)+ZZ (x, t)erfc( ))bk(y 0 +
Jj=p

te <atcl.{k (6, b, 6) + z ey (Db (v, )C (x, t))] +

u=1

£ 1 (A1 = 240) @1 OV (712)5 3, 8) +VEPpaa (D12 (1. ) +
k=1

+e (fitqi,k 60 + ) @O t)) be(y, Oy (Tp+1) —

u=1

~e2L (40cCx, ) b, OY (7p41)] +
2
+€z <6tZ (x,t) + z aﬂk(t)Z” (x, t)) erfc( i/_) b, (y, t) —
1

=1

St
G ZDxfz< Hoverfe (> f)> be(,6) -
. 2 f
—g? (LxCi],k(x, t) + ; L, ( (x t)) erfc( \/_) by (y, t)) exp(6;) +
3 (A1 ® = 2(0) 91 O (11253, 8) + Ve 2 (D106, 0) +
k=1

F @60 + ) @000 b, (Tper) = €L (@1 0) +
u=1

+e(bi (v, t)V(Tp+1)] +

o 2
3 [ (Bpr® = 200) 0k G O (712531 ) +VEG} 41 D0k (1, 0)] X

k=11=1

X erfc (%) b,(y,t) +

+s§:i Jrw lk(x t)+ Z a'#k(t)ww(x t)| b (v, t)erfc( d )y(rp+1)

k=11=1
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SN

k=11=1

x$l< whCoverfe(S *(f))bk(y O (tp41)| -

—eiiu (@ha ) ey Derse () Vi) = Efk(x Db, 0).

k=11=1

FE30 =) filo b0, aiu(®) = @ebio b,
k=1

The coefficients for the same powers of ¢ is equated here:

2 2
z Tyuly (N) =0, =12 Z Tyub (N} = 0,
=1 =1

2
Z Tl,Zui,k (N) =
I=1

_Z A (t) — A () [ _1k(x t) +22_1k(x t)erfc( \/_)] exp(H)
j=p

~ (2par(® = @) [q nes t)+2w G Derfe (= *})]y(rpﬂﬁ

2
+/1k (t) <Z ul—l,k (Nl) + V—l,k (x, t)) 5

=1

2
Tl,lué,k (N) = 2 (1) (Z ué,k (ND + Vo r (x, t)) -

=1

00 2
' Lj $1
— ;(Aj(t) - Ak(t)) [Cé’k(x, t) + ;Zoljk(x, terfc (2_\/?)] exp(6;) —

—(Ap+1(®) — A (1)) [CIO k(x,t) + Z G)Ok(x t)erfc( i/—)] Y(Tps1) —
—¢p+1(0)q-1.(x, 8) —

(pp+1(t)2a)l_’;;1(x t)erfc( d + fi(x, ) +ZD{U 1k

270
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Z Ty qul e (N) = A () (ud o (Ny) = Vg (x, 1)) —
Z(A () — (D)) [ k(x t) + z Z (x, t)erfc (Zf_\;f)] exp(6;)
( p+1(6) — Ak(t)) [qlk(x t) + Z Wi (x, t)erfc( i/—)] Y(Tp+1) —

2 o)
01 (Od0 k(60 + ) Dyt (N) = Y (0, € 4 (60) =
=1 j=p
- Z i (C, G t) +
u=1

2
+2 0:Z2” z (o t) + Z auk(t)Z_lu(x, t)erfc (i

)

~[0e1x G0 + D @01, D ¥(Tpe) -
u=1

—22: 9wt 1 (% t)+za’#k(t)w (0 t) e’”fc(f )V( p+1)

=1

2((pp+1(t)w0k(x t)erfc( i )+ deul 1k T Z auk(t)u L)+

o

+0,Vor (0, ) + Z i (OV_1 (6, 1)
pu=1

From the obtained correlations, turning them into identities, for arbitrary
CEyk(x,0), Zﬂli’k(x, £), qo1pe1(6,8), @Ly 5 (6, 0), VO g (x, 1), we get:
Tyuby  (N) = duly ( (N) — agzlul—Lk(Nl) =0, Ty ub e (N) =0,
Tl,lui,k(Nl) = Ak(t)ul—l,k(Nl)J C]1 (xt) =0, Z_1 () =0,Vj+k,
000 =0,Voy, () =0,  Vk#Ep+1,

B 0, vte[0,1]
V_1,p+1(X, t) - Vgl,p+1(x)' Vt=0,

10
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Taking into account these ratios, in the next step we get:
Ty i (Np) = A (b (ND) = @} 2 (D)0l e, Derfe (55), (1)
A (OVoic () = @1 (DG-1Ce, ) + fie (e, 8) = 0,65, (6, 8) = 0,2} (x,£) = 0,
Vj # k, Gor(x,t) = O,w(l)_k(x, t)=0Vk#+p+ 1,Dx,§lul_1_k(Nl) =0,
The functions C(’,‘_ (X, 1), Z(l)"',‘c (x,1), qop+1(x,0), wf,lpﬂ(x, t) — are arbitrary.

The function erfc (%).

variables N; = (x, t,n, {;), therefore we pass to erfc ( i/_) to such variables, so as

enters the right side of the first equation, and the functions ué x (N)depends on the

(t)

¢ O __o® ¢
(2\;—) Zqi;_f/_ 2\7_3—‘ f \/_TO erfc( \/f) erfc(ﬁ).

After such a replacement, the solution of this equation under boundary conditions

ub  (N)) |t=0ﬂ7=0 =0, ub, (N) |x=l—1.§1=0 = =V, (I = 1,t), can be written in the form

e (Np) = dj e (x, t)erfc( d >+ I(Np).

2/
Here I(N,) is a well-known integral having the following estimatation:
[I(N)| < cexp <_(_12> .
8n
Consider the second equation from (15),s0 q_1x(x,t) =0, Vk # p + 1, we have

—Ap+1(OVop+1 (6 t) — @pp1 () q-1p11 (1) + @pyq (x,8) =0 (16)

Or A (Vo (x,t) + frr(x,t) =0, Vk#p+ 1,k > 1,4,(t) # 0,Vk # p + 1, then

Vos(x,t) = “$QVk¢p+1 (17)

For k=p+1, the eigenvalue of 4,,,(t) = 0,V t = 0, therefore for t = 0 the function q_; 41 (x,t), (x, t) is
defined in the form:

fp+1(x 0)
q- 1p+1(x 0) = p+1(0) (18)

in this case the function

1 (®)q- x,t) + X, t
(pp+1( )q 1,p+1( ) fp+1( ) under t € (O,T]
V0’p+1(xj t) = Ap+1(t) (19)
Vz?ﬂ(x) an arbitrary function with t =0

11
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Thus, it is established that equation (16) is solvable.

To satisfy the relation Dx,(lul_l_k(Nl) = 0, the solution of equation (14) concerning to ul_llk(Nl),
supplying the condition:
ulip lemor=0 =0, uby(N) |x=l—1 =-V_1:(l-11),

is written in the form

S
uly  (N) =dby (x, Derfc <—l , di (-1, =V_1,(I-11),

2\n
where an arbitrary function d_ ; (x, t) is chosen so that

Dottty (V) = [204(0) ey (6, ) + P () (D] erfc(i) _o,

2/
or
21 (x)0xd_15c (x, ©) — P ()d_1(x, 1) = 0. (20)
Solving this equation under the initial condition
d_q,(I—1,t) = =V_; (I — 1,t) = 0 we will ensure the validity of the correlations (15).
Consider equation (13) in i = 3, we set:
A OV (6 t) — @pp1 (O qor (X, 1) — 0. V_q e (x, t) — Z ayk(OV_1,(x,t) =0,
p=1

. . L y
a.c’ T a;;(H)C? 1,6 =0, atz_ll_j + aj,j(t)z_fl_j(x, t) =0,

(B ® - 20) ¢l o) = 0,67, + Z Gur(OC), (6D, j# K,

u=1(pu*k)
Gi® = A OZA0 D =020+ Y @u®Z, j =k, D
u=1(u=*k)
Gpss® = Qo) = Y Guu(®0-1,060 + 00, B OK # p+1,
u=1(u#p+1)

0t4-1p+1 + Apr1p41(x, 1) =0,
[ee]

(s = B)oh ) = 00lye D aua@oly (o), Vezp+1,
u=1(u#p+1)

0 whq i1 + Apripr1(Owlypiq (1) = 0.

12
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On the base (14), (15) V_1,(x,t) =0, qox(x,t) =0,V k # p + 1, therefore the first equitation in
(21) is written:

Apr1(OV1pe1(,8) = @p11(O)qops1 (X, ) — 0V 11 (x, ) —
—p11,p+1(OV_1p11(x, t) =0,

AV (x,t) =0, Vk+p+1,k=12..

Hence, for t=0 u k=p+1 we get:

Bp+1(x,0)
Qop+1(x,t) = —ﬁ» Bp+1(x,t) = “p+1.p+1(t)V—01.p+1(x)'
p+1
and for t # 0
- [‘P;;+1(t)%,p+1(x: t) + ap+1,p+1(t)v—01,p+1(x)]
Vips1(6t) =1 Apia(0)

Vipr1(x), V=0,  arbitrary function.
Ink#p+1, Vip(x,t) =0.

In order to solve differential equitation concerning CJ_' 1 (x, 1), Zl_]1 j(x, t), a)ﬁz{;il(x, t), from

(21) the initial conditions are given. From the boundary conditions (6), on the basis of (7) we obtain:

[ | j | hk(x), Vi= 0;
Ui . (N)) limpzo = 0,C; (X, t) li=g = . s
l,k( l) t=n=0 l,k( ) t=0 —Vl"k (x’ 0)’ i + 0’ le"]-i (x’ t) |t=0 = le"]‘i (x)’
Lj i
u%,k(Nl) |x=l—1,{l=0 = -V (- 10), Zi',]((x, t) |x=l—1 = Cij_k(l -1,0),

w%,k(x: t) |x:l—1 =—qix(l—1,1),

here Z llljc (x) — arbitrary functions, they are defined from the equitation
Dy ¢ le‘,{(x, t)erfc (i) =0,
Sl ’ 2 \/E

and the arbitrary function d,(x,t) including into u{,(N,) is defined on the base of equitation of
similarly equation of (20). Equitation

0t4-1p+1 T Aps1p+1(O)q-1p41(x, 1) =0,

we solve under the initial condition (18).

13
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Further, repeating the above-described process, we define all the functions included in the partial
sum of the series of (7) and establish the asymptotic character of the constructed solution, in other words, the
following is proved.

Theorem: The conditions 1) -3) are supposed to be done. Then the restriction of 6 = y(x,t,¢€) the
partial sum of the series (18), constructed in the way described above is an asymptotic solution of the task
(1), (2), i.e. the estimation is fair

n+1
lu(x,y,t,e) —ug(x,y,t, x(x, t,e))| <Ce 2, vn=0,12,..
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