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Hcaee A.JI.

BECCEJIb MEHEH ABEJIbJWH I-I1 TABUH/IETH TY3 CBI3BIKTYY DMEC
TN ®PEPEHIMAIIBIK TERJEMEJEPH

Hcaee A.JI.

HEJIMHEUHBIE TU®PEPEHIIMATILHBIE YPABHEHMSI
BECCEJIA U ABEJIA I-11 POJJOB

A.D. Isaev

NONLINEAR DIFFERENTIAL EQUATIONS BESSEL AND ABEL I-I1 BIRTH
VIK: 517.968.74

Maxanaoa beccenv menen Abenvoun I-I munmepunoe my3 cuizvikmyy smec ougp@epenyuanobik meyoemenepou yvieapyy yuyH
JHCAHBI BIKMA KAPATAM.

Hezu3zeu co300p: Beccenv, Abenv, oughgepenyuanovixk meyoemenep, bikma.

B cmamve paccmampueaemcs noguiii memoo 0 pewienust Henunelnvlx oupgepenyuanvuvix ypasuenuil beccens u Abens I-11
Pp0o0os.

Knrouesvie cnosa: ypasnenusn beccenv, Abenv, oudgepenyuanvuvie ypasnenus, Memoo.

The article discusses a new method for solving nonlinear differential equations of Bessel and Abel I-1I delivery.
Key words: Bessel, Abel, a differential equation, method.

I. BBenenme. Amnpobaiusi Meroja NPUMEHEHHOTO B paborax [2,3,4,5] JUIL PElICHUs] ypaBHEHUI
BuOB beccens u A6ens. CpaBHenne rpadukoB pemenuit ypasaennit Ha Mathcad 11.

a’x(t)  dx(
I1. 1 Juddepennuainnoe ypapHenue beccesis Buaa - 2( )+ t- dt( )+ (t2 —v? ) X(t) =0.
20e vV —napamemp ,NOPsO0O0K YPAGHEHUs .
Caenaem oOIIen3BECTHRIE PeoOpa30BaHUsI MOJCTUB Ha
dX (t)
2x0) ax) (v A4 v
120 >t —— +—>+|1—— -X(t)zO um ————+|t— |- X@®)=0 (1.1
dt dt 4 dt t
[locnennee, Ha3pIBaeTcsl ypaBHeHHEM beccensi B caMOCONPSyKEHHOM (IMBEPIeHTHOM) BUJIE.
v? !
5 =
Hcnone3yem noncranoBky X (¢) = 0] = d Zz(t) +1-— 41z (=0 (11.1.2)
Vi dt t
Hanee meton moacraHoBku AaMas besi
Z(f) — eG(t) — eWO(t)+S(t)+x(t) — eWO(t) . eS(t)+x(t)
2 V2 !
) -
200 . d Gz(t) +(dG(t)j 490, 1-—*= 41_9 (11.1.3)
dt dt t
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, 1

dr? dt dt? dt dt

0

dr’ dt dt

t

c:%;c%:ﬁ

1
2
¢ Vo ——
d(S(t)+x(t)):eW(t) - de”" +2.dW0(t)‘eW(t) 1O _ . 4 ~0
dt dt dt t
1
2
: awy V4
sin6(1)" =~ 2 ol i+ G,

N . % \2:n+1
W(t) = Arth(sin0(t)") aubo W(r) = ZﬁsmzﬂlL+ ..
n=1 ‘n+
1

2

2 (Y a——

D:(z-dWO(t)+dW(t)j t41 ] — 4
dt d ‘

1
_(ZdWO(t)_’_dW(t)ji (2‘dW0(t)+dW(t)j vatla
dt dt dt dt

W) _

€, =

2

(S(t) + x(t))1,2 = J.ell:yz(t) -dt+C = Z(l‘) = CWo . COS(Ct — f) . e(s(t)”(t))m

S+x

Z() _ CooeN(C, =) [uve.

Vi Vi

X (t) =

X,(t)=C,-J, (m,t) +C,-Y, (m,t)

d’W,(1) +(arWo(t)jz L d*(S(t) + x(1)) LGN d(S() +x(t)) +(4(5(11{ j x(t))j2 v ;4

Cy, -cos(C, —1)- ej

(I1.1.4)

=0

2 2
d W‘)(t)+[dW°(t)j +1=0 = a0 :tg(Ct —t); Wo(z‘)zln‘CW0 -cos(Ct —tj; e =Gy, -cos(Ct —t)

Wt
el \dt+Cy,

2oe C,, C, —npouseonvruvle nocmosanuvie, a J, (m,t),Y (m,t)—cneyuanrvnvie Qynkyuu beccens.

Obwue pewtenus ypasnenust beccenst
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Puc.I1.13. v=1,n=1, n=m

X0, dX(t)_(tz ) x(1)=0 .
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2

2 Vit —
4O O 12 4_11.z)=0  (12.1)

[Toctynum ananornyno X () = >
Jt dt
Z(l) — eGU) — eWo(/HS(l)‘rX(l) — eWo(l) 'eS(x)+x(x)
, 1
2 2 v o+ —
ec(,){d G2(z)+[dc (z)] }4_60(1)_ MY 22
dt dt t
2 2 V2+L
dZWU(t)+[dWU(t)j . dz(s(z):r x(t))+ z'dWU(t)'d(S(t)+ x(t))+[d(S(t)+ x(t))j N 4 _,
_dt 2_ A ) dt’ dt dt dt t?
d[dWU(’)j
deOz(t)+[dW0(t)j oo N dZWOZ(t)zl_[dWO(t)] : dt o
dt dt dt dt 1_[a’W0(t)
dt j
d[dWomj d[dWo(z)] d[dW"(t)j
dt ) 1 dt 1 dt
aw (1) ARG av ) 2 av Y 4!
(1) (e 5 e B
dt dt dt dt
dW U(t)% t+C 1 t+C 1
1+ — (t+C e’ - —— et 4 —
dt _ aw (1) e -1 _ et _ et
1n1_dW0(t) =t+C, s e v €)= > cch(t+C,) = 5
dt
dW (1) sh(t+C,) ~ - , v o
i ey Wo()=|C, -ch(t+C)H|: e =Cy, ch(t+C,)
c, = %; Cy, = V2
2 2+l
(SO +x(0) , A0 dSO+x) (dSO+x®)) " T4
dr? dt dt dt t?
W(t) V2+f
de +2-dW°(t)-eW(t)+ez'W(')+—4 =0
dt dt t?
v+
. * dw, (t
sin0()" = || 2- do()+1+ 4 ldi+C,
t t
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W) = Arth(sin6(r)') o W(t) = ﬁ:w L C

~  2.n+l "
2 vl
D:(z.dWO(t)erW(t)j 4 _24
dt dt t
dw,(t) dw (1) dw,(t) aw )Y vy
—(2- (L2 Ji (2- (2 j—4-1-24
dt dt dt dt t

elV,Vz(t): 5

el Vdt+Cy,
(S@O)+x(0)), = [l dt+Cy,, = Z(t)=C,, ch(t+C)-" "2 =C, ch(t+C,)- e
Z(t) CWO 'Ch (t+ Ct) J‘elw,z(t)dt"'CSer
= . e

T T (11 .2.3)

X (t) =

Xp(t)=0C,-J, (m,t)+ C, Y, (m,t)

Obwue pewtenus ypasHeHus.
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Puc.IL.21. v=0,n=0, n=m

Apre:

Puc. .22 v=3,n=3, n=m
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de(t)H_ dX(t)

IL. 3. IuddepenunanbHoe ypaBHeHHe BUAA - + (a2 P —v? ) X(l) =0.

dr’ dt

, 1

Z(1) d*Z(t) Y Ty
_ =\ 2 ) _
Yepes MOICTAHOBKY X0 = Ji = e tla 2 Z()=0 (11.3.1)
2 ) 1/2—1
dZWO(t)J{dWO(t)j +a2+d2(S(t)+x(f))+2.d%(t),d(S(t)er(f))+(d(5(f)+x(t))j ___4_,
dr? dt dr? dt dr dt PE)

0

fmﬁ)(d%a)z ) A, () _ 1
+ +a° =0 = =—-1gla-C —a-t); W,(t)=InC,, -cosla-C, —a-t);
dtz dt df a g( t ) 0() ‘ Wy ( j

eW"(’)zCWO'cos(a‘C,—a‘t) Ctzg; CWO=\/5

®, =a uacmoma coOCMEEHHbX KONeOaAHUIL.
AHAJIOTHYHO K IPEIBIAYIINM BBIKJIAKAM

1
2
& (SO +x) , , W) d(S@O)+x(0)) +(d(S(r)+x(t))j2 e,
dt* dt dt dt t*
ol
d(S(t)+x(t)):eW(t) N de"" 2. AW oy e _ 40
dt dt dt t
v I
N PO 4
sind(?) _—j 21— ldr+C,
N . % \2:n+1
W(t) = Arisind(e)’) aubo W) =ZM+CW
n=l 2'n+1
) ol
dt dt t
) 2l
dt dt dt dt t
el,Wz(t): :

W(t)
2( dt +C§'+x

(SO +x(0)),, = [l dt+Cy,, = Z()=C,, -costa-C,—a-1)-* """ =, cos(@-C,—a-1)-el*
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C, -cos(a-C,—a-t gy
X(t): Z(t) — W, (Cl t a )e_[ 12 dt+Cg, (][32)
NG NG
Xg()y=¢C,-J,(mya-t)+C,-Y (m,a-t)

Obwue pewenuss ypagnenus

p—

e
—

Puc.IL31 v=2,n=2, n=m,a=3

d*X(t)
~ra-t-
dt dt

II. 4. IuddepenunanbHoe ypaBHeHHe BUAA -

1-a
C nomompio noacranosku X (¢)=1¢ 2 -Y(¢)

, sz(t)_H. dY(t)

Toxxe cBoguTCs K ypaBHeHuto beccenst 17 -

+(2-n?)v()=0 41

dt’ dt
rie 712=V2+l-(a—1)2
4
n’ I
Z(t) d*Z(t) 4
Y@)=—+ +{1-———— - Z(®) =0
Jlanee @) \/; = dt? t ®)

Z(t) _ eG(t) — eWo(t)+S(t)+x(t) _ eWO(t) ~eS(’)”(’)
) P
260 | dez(z) +(dG(t) PPLEN | p— 41_p
dt dt t

, 1
d*W,(t) +(dW0(t)j2 s d*(S(t) + x(t))+ 5 AW () d(s(t)+ x(t))+(d(S(t)+ X(t))jz i »
dt’ dt dt’ dt dt dt t?

0

2 2
d Wg(t)Jr dw (1) 120 — dw (1)
dt dt dt

= tg(Ct —t); W,(t) = ln‘CW0 -cos(C, —t)( ; e = Cy, ~c0s(Ct —t)

T

C,=4;CW0=\E
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1
2
t n- - —
d(S(t)d:' x(t)):ewm - ded”;() +Z-dej(t)'eW")+e2'W“)— = 4 _
nz 1
. ) dw (1) Y
() =-1|2- . +1- dt + C
sin 0 (t) I % e P
X . * \2-hk+1
W (t) = drth (sin 6(¢)") aubo W(t)*:ZML+ c,.
o) 2-k+1
. n2 - L
R O A 4
dt dt t
1
2
2 nt— —
_[Z_de()(f)Jr dVI:l(l‘)ji [Z_C’Wdo(f)Jr dVZ(l‘)] L4 4
t t t t t
W) _
2
Jellivar+cs.,

€12
S +x(0)),, = je{V;” i+ Cy., = Z(1)=C,, -cos( C,—1)-eC O 20 cos( €~ 1) e

1-a
3 O g4
X(t) = ’7 .Gy, -cos(C, —1)- ol (I11.4.2)

1-a

Xy(0)=12 [, (m0)+C, Y, (m1)]

Obwue peuienus ypasHeHus.

VPARHFHWFR FRCCENS T4

x5

]
4

IIVVARNRRRVRY

Lonpane pyamy

Aprymm

"

Puc.IL31. v=2,a=1n=2, m=n

HanomHaumM, uto n=\/1/2 +%-(a—1)2 z\/4+%-(1—1)2 =2
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III. 1. In¢pdepenunansnoe ypapaenue Adens I pona.
dX (t)

= o)+ () X(O)+ f,(0)- X () + f,- X (1) (ir.1.1)

X(z)=e’”'> = " O fw 0 £ 1 f 0

e0e fo(1); fi (0); f5(t); f5(t) — nepemennvie wnu

W= FoO)+ LD+ [0+ £,(0):

nocmosnHble Koa(hpuyuen mol  ypasuenus .
sin 0°(0) = [ (/o () + /() + [, + f(O)de +C,

. . . Y, (sin 0" ()"
W' (1) = Arih (sin 67 (1)) 6o W'(1)= S+ Gy
n=1 -n

fo(t)+(fl(t) w (t)j "t £ () k(1) = 0

a7 b(1) aln)
-

) = 2-b°(t)=9-a(t)-b(t)-c(t)+ 27 -a*(t)-d(t)
7= 27 -a’ (1)

_3ea(t)-c(t) - b (1)
p(t) = 3a%0)

Ps0 noocmanoso k Buema X (t)=Y(t)— 3b(t()t) = Y )+ p(t)-Y()+q(t)=0
-a

Y(t)=Z(t) - (t()) = Z‘)(t)+q(t)-Z3(t)f%§t):0 ; Z(t) = YT (1) = Tz(t)+q(t)-T(t)f%§t):0

PPNENR0
3 —q@O) £ 4/¢" )+
D, =g*+H LD 7 )= z

27 B R 5 5 Zl,z(t):%lTl_z(t) 5

2 4-p*(0)
YI,Z([):ZI_z(t)_ p(t) —\/ 27 _ p(t)

3-Z,(0) 2 4 0°0)
A afat @)+ 2
3.\/ 27
2
| 4-p*(1)
Jma@Eq g () + ————
X0 =Y,0 -3 b(t) = X.z(t):\/ 27 20 5O (11 2)
(t) ' 2 ()+ 2() 4p3([) 3a(t)
a0 gt () + —E ==
3 27
2
Obwue pewenus ypasuenus Abens I pooa.

Puc. III. 1.1.
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III. 2. In¢pdepennnansnoe ypapaenue Adens II poxa.

200+ 20 XOLE = 1,0+ £,0- XO+ L0 X0+ /00 (1112.1)
dw ()

dt

=[e@+ /() XO+ £, X O+ [,()- X ()

X()=¢"" = go(0)- X(0)- ‘”;f’) Fa (- X2 (0)-

dW(t) dW(t)

g(0), - X (- +g (1) X (1) = Lo+ [0 XO+ £, X (O + [:()- X ()

dsing (t) _ fo)+ O+ L,O+ 1)
dt g +g,()

O+ O+ [,0)+ f,@)
g +g()

- sine*(t)zjf(’ dt+C,

W' () = Artsin 0" (¢)) 6o W*(z):iw

+C
~  2.p+1 4

Aw(t)

X0+ X (0)=0
a(t)

L@O+ [fl () —g,(0)- d W(t)j

d(t)

) X(f)J{fz(f) g ()

c(t) b(t)

2B (6)=9- alt) - b(t)-c(6) + 27> (6)-d(©) o 3:40-cO=b*()
27-3 () N )

q(t) =

b(?)
3-a(t)

Y(t)=Z(t)—}IJZ(Z()) = Z°(t)+q(t)- Z°(t) - ng) 0: Z(t) =3T(t) = T*()+q()-T()- p (t) )

40
- -q<z>+Jq<z>+—
DT(t)=q2(r)+4§7(”; T, ()= 27,

2 1,2(023 Tl,z(t) 5

B 20, 4P
40) —\/ OOy 27 p)
3-Z,,() 2 4-p°(0)
SO O+
e

2

2 4-p3(t)
REOENCEOR:
b®) Xl,z(z)\/ 27 _ () LORNPPN
3-a(t) 2 i o0 3o
JmaO O+ 7
3.

2

Psi0 noocmanosx Buema X(t)=Y(t)— = YO+p0)Y)+q()=0

Yl,2 (= Zl,2 -

X, (0= le(t)—

Obwue pewenus ypasnenus Abens 1l pooa.

IV. BeiBoa. C yuérom, uTo moaoop k03(pGUIMeHToB U MOCTOSHHBIX HHTETPUPOBAHUS OCYIICCTBIICTCS
MPOM3BOJILHO, TPaUKU pEeIICHHH MOKa3bIBAIOT YAOBIECTBOPUTEIILHBIE PE3yIbTaThl, TIOTYUYEHHBIE C UCTIONb-
30BaHMEM HOBOI'O METOJIA.
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