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Maxkanaoa keasucwizvlkmyy oughghepeHyuanovik meyoemenrepour CUCMeMACbIHbIH ME32UNOUK YbleapbLIbIUbIH USUI000 MAcelec Kapa-
nam. Yoieapvinvuumol madyy [ anepKuHOUH bIKMACHIH KOAOOHYY MeHeH uuike aubipbliam. DypbeHuH KamapulHblH Ko3ghduyuenmmepune
Kapama K8asucwl3blKmyy anzeOpanbik meHoemMenepout CUCmeMacsl my3yayn, AHblH Ybleapbliblutbl YOAaiawl HCAKbIHOAUIMBIPYY bIKMACHL Me-
Hen mabviiam. [Jupgepenyuandvix meyoemenepoun cucmemacsl aneedpanvik meyoemenepout CUCeMACbIHA KeTMUPUIUN, Me3eUIOUK dbl-
2apuLIbLUMbIH 6ap OOIVULY, HCAKBIHOAUMBIPBLILAH ME32UNOUK YbI2APLLILIUL MEHEH MAK YbleapbLIbIUMbIE OPMOCYHOA2bI AULIPMAHBIH YeHU-
HUH on4omy anvikmanam. Mes2unouk macenenepoun 4bleapbliblumapblHbIH ACAUAUBIH JCaHa Mabyy npodiemManapbii u3unooo, ouggepen-
YUANObIK MeHOEMEHUH MEeOPUSCLIHbIH MAAHULYY Macenenepun oupu 6oxyn scenmenem. Maxanada I anepKunOun npoekyusiblk MemooyH
KOJOOHYN, NApaMempou KapmMazan K8Aa3ucbi3bikmyy ougdgepenyuanobik meyoemMeHun Me3euiouK Ybleapbliblulbli madyy maceiecu Kapaiam.
Taneprunoun mMemooy KOHCHMPYKMUBOYY bIKMAIAPObIH KIACCHIHA KUPUR, MACENEHUH YbleADbLIbIUbBIHbIH JHCAUAWbIH OAIUN000 MeHeH bupee,
YbL2APBLIBIUNBIH O3YH JHCE AHBIH HCAKLIHOAUMbBIPLLISAH Ybl2APbUILIUGIH MA0yyea MyMKYHUYIyK Oepem. Macenenun uvieapvinviubin Pypoe-
HUM Kamapvl mypyHoo usuadenenm. [Jupdepenyuanovix meyoeme Dypvenun KamapbiHbii KOIp@uyueHmmepure Kapama, K6A3UCbI3LIKINYY
aneebpanbix meyoemeze KeTMUpUIUn, aHbiH Yoleapbliblibl YOAanaul HCaKbIHOQUMBIPYY bIKMACLL MeHeH mabviiam. Aneebpanvik menoeme-
HUH Yeyuuuy Oanui0eHem JHeana maK JHCaKbIHOAUMbIPLLIZAH YbleapblibIUmMAapObli OPMOCYHOA2bl AUbIPMAHbBIH YeHl anbikmanam. dexmux
MACeNeHUH Ybl2apbLIbIUbIHBIH HCANSbIZ0bI2bL OANUTOCHEM.

Hezuszu co306p: xeasucwvizvlkmyy, ouggeperHyuanovix, meHoemeiepout CUCMeMacyl, Me32uniouK uvleapuvlivii, [ anepkuHoul bIkmacel,
KBAZUCHIZLIKINYY AN2eOPANbIK MeHOeMenep, HCaAKbIHOAUIMbIDbIIZAH Ybleapbliblil, MAK YbleapblIbIUl.

B cmamve paccmampugaemcs 3a0aua nOCMpoerus: RePUOOUHECKO20 PeuleUs: CUCeMbl KBASUTUHEHbIX QU depenyuanbHbix ypasHe-
nutl memoodom Ianeprxuna. Illocmpoena cucmema KGA3UNUHEUHBIX AN2eOPAUYECKUX YPAGHEHUL OMHOCUMENbHO KOdpduyuenmos psioa Dypove,
O00KA3aHO CYWecmeosanue npUuOTUNCEHHOU NeEpUoOUYeCcKoll petenuy cucmemsl NOCmMpoeHull Mmemooom I anepruna, noayyena oyeHka moy-
HOCMU MedHCOY NPUOTUICCHHBIM U MOYHBIM NEPUOOULECKUMU peuteHusiMu. Bonpocul ucciedosanust cyujecmeosanus u npudIudiCeHHo20 no-
CMpPOeHUs: peweHuil NEPUOOUYECKUX KPAebIX 3a0ay AGISemCsl OOHOL U3 BANCHBIX 8 MeOPUll 0ObIKHOBEHHbIX OUPDePEHYUANbHBIX YPAGHEHUL.
B cmamve paccmampusaemes 3a0aua NOCMpoeHUs RePUOOUUECKOe PeUeHUe CUCTEMbL KEA3UTUHEUHbIX OUPhepeHyuanbHbIX YPagHeHutl co-
Oepoicaujuil MAbLil napamemp, NPOeKYUoHHvIM Memooom I anepkurna. Memoo I anepKuna OmHOCUMCS K KIACY KOHCMPYKMUGHBIX Memo0d08,
KOMOpas nO360J8em YCMAHOGIUEAMb BONPOCHl CYWECME08AHUs PEUEHUL 3a0aUU, d MAaKice NO360sem HAUMYU CAHO — PeueHue Uil e2o
npubnudicenust ¢ 6oavueit mounocmu. Pewenue 3adauu naxooumes 6 éude psoa @ypve. Cucmema oudghepenyuanbblx ypasHeHui c600u-
Mcs K cucmeme Ka3uIUHENHbIX aneedpaudieckux ypasHeHuli OmHocumensHo koagguyuenmos psoa Pypve. Pewenue cucmemvl arcebpaute-
CKUX YPAGHEeHUIl HATIOeHA MemoOOM NOCIE006aAMeIbHbIX RPUOUNCeHU. [JOKA3AHO, PA3PEUeHHOCb CUCIEMbL Al2eOPAUYeCcKUX YPAGHEHUIL.
Tonyuena oyenka mouHOCHU MeACOY MOUHBIMU U NPUOTUNCEHHBIMU DEUEeHUAMU, NePUOOUYECKOLl Kpaesotl 3a0auu. [JoKa3aHo, eOuHCmeeH-
HOCMb peuieHus, NepuoOUYecKoll Kpaesou 3a0ail.

Knrwuesvie cnosa: keasununelinvle, ouggepenyuanvHole, cucmema ypasHeHull, nepuoouyeckoe peuterue, memoo I anepkuna, Keasuiu-
HeliHble aneeOpauyecKue ypasHeHus, NPUOIUNCEHHOe PeuleHUe, MOYHOe PelleHue.

The article considers the problem of constructing a periodic solution of a system of quasilinear differential equations by the Galerkin
method. A system of quasilinear algebraic equations is constructed with respect to the coefficients of the Fourier series, the existence of an
approximate periodic solution of the system of constructions by the Galerkin method is proved, an estimate of the accuracy between the
approximate and exact periodic solutions is obtained. Questions of studying the existence and approximate construction of solutions to pe-
riodic boundary value problems are one of the most important in the theory of ordinary differential equations. The article deals with the
problem of constructing a periodic solution of a system of quasilinear differential equations containing a small parameter using the Galerkin
projection method. The Galerkin method belongs to the class of constructive methods, which allows you to establish questions of the exis-
tence of solutions to the problem, and also allows you to find a sano-solution or its approximations with greater accuracy. The solution of
the problem is in the form of a Fourier series. The system of differential equations is reduced to a system of quasi-linear algebraic equations
with respect to the coefficients of the Fourier series. The solution of the system of algebraic equations is found by the method of successive
approximations. It is proved that the system of algebraic equations is solvable. An estimate of the accuracy between exact and approximate
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solutions of a periodic boundary value problem is obtained. It is proved that the uniqueness of the solution of the periodic boundary value
problem.

Key words: quasi-linear, differential, system of equations, periodic solution, Galerkin method, quasi-linear algebraic equations,
approximate solution, exact solution.

2m-Me3rwiIuK, auddepeHnupiaenyyay, y3ryarykceys f(t, x, €) GyHKIMACH YYYH TOMOHIOTYIed HOp-
MaJtap/ibl KapanobI3

2 2
1
= ™) = = == 2
7= e lfO@xal G=or=1, Iflo= ;[ If1a
0

P (t) 2m-me3rmnauk GyHKIMACH YayH OypheHUH KaTapblH Kapaiiibl
m
Y(t) =Cy+ \/EZ(ckcoskt + djsinkt).
k=1

Mesrunauk QYHKUMSIIAPIBIH KONTYTYHAO® Sy, = S, (t) onepaTopy aHBIKTalbIN, aHBIH TAACUPH TO-
MeHJeryaei GpopMynaHbIH jKapJaMbl MEHEH aHBIKTaJIChIH

m
Su(t) = Co +V2 Z(ckcoskt + dysinkt), (D
k=1

[1] vrree Herusuuae Y(t) mesrmnank GyHKuusch yayH Y(t) — S, (t) allbipMachbIHBIH YCHU
(@) = Smp(©lo < a(mM)YP' ()]0, (2)
(dopmyia MeHeH aHbIKTanar. MbIHIa

om) =V2[(m+ D)1+ m+2)"1+-...] ,
V2 V2 n

<o(m)<—, o(0)==
m

m+1 3°
JuddepeHmanapik TeHaeMeIepAnH CUCTEMAChIH Kapaiibl
dx
EzAx+T(t,x)+H(t,x,£), 3)

MbIHIa A-Typaktyy Marpuia, F(t,x), H(t,x,€), t-dommyry GoroHYa 27T-Me3TWIAYY GYHKIMsIIAp jKaHa
F(t,0) =0, H(t,x,0) =0, &— KuuuHe apamerp.

S = S,yoneparopyH (3) cucremara KoimoHoOy3, aHaa
dx, (t,€)
dt
MBIHIA Xy, = SpX, Fn =S¥, Hp = SpH.
(4) mewn

= Ax,(t, &) + Fp (t, Xm (¢, e)) + H,, (t, %, (t, €),€), 4)

m m
\/iZ(—kaksinkt + kbycoskt) = Alay + V2 Z(akcoskt + bysinkt) | + Fy +
k=1 -

k=1
m m
V2 Y (Fucoskt + Gysinkt) + Ho +Z Y (Hcoskt + ysinkt), (5)
k=1 k=1
1 21 1 2r
Fo = %.fo F(t,xy)dt, Fp= Efo F(t, x,,) cosktdt ,
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1 2T
Gy = ﬂfo F(t, x,,) sinktdt,

1 21 1 21
HO = EJ;) H(t; xm; S) dt! Hk = %L H(t' xmr E)COSkt dt’

1 27
D, = ﬁ-fo H(t, x,,, €)sinkt dt.
(5) bapabapapIkTaH .
SpXx =ag+ V2 Z(akcoskt + bysinkt),
k=1
JKeKede CYMMaHBIH K03 pUIMeHTTeprHE KapaTa TeHIeMeIepANH CHCTEMAaChIH ala0bi3
Aag+ Fo+Hy=0,
kay + Aby + G, + @), =0,
—kby + Aay + F, + H, = 0.

CucreMaHbl MaTpULATBIK opMaa xka3albi3

DMg + Fl(m) () + Fz(m)(a, &) =0, (6)
MBIHIA
A0 0 Fo Ho Qo
DM =0 k 4| Fl(m)(a) =| G |, Fz(m)(a,s) =|(Px), a=|a% k
0 A —k Fr Hy by,
=1,2,3,..,m.

X =x(t,e) (3) TeHmeMeHHH ME3THIIUK YbIrapbUTBIIIBI OOJICYH MCHITH.
Xm(t, &) = SpX(t,€) nmemocenrer, X(t,€) QYHKIMACH YUYH, TOMOHIOTY 101 OapabapAbIKThI anabbI3
ax
d—;” =Sm(AR +F(t,®) + H(t,%,€)) = Spy(A%m + F(t, &) + H(t, % 8)) +
+Sm(F = Fn) + S(H — Hp). (7
(7) 6apabapapik
D™y + EM @) + K @n ) = = (o + o +p0@) @)

anreOpanbIK TCHIEMETre YKBUBAJICHTTYY.

pfm), pém), pém) (¢) uomnykrapel Sy (AR — %), Sm(F — Fn), Sm(H — Hy)  Gynxumsiiapbinsin
®ypbeHuH K03 PUIMEHTTEPUHEH TY3YJITOH BEKTOPIIOP.
1

Ptx) — B(t, %) = j 0F (6, % ;:(x — %)) (% — £,)do,

0
1

_ _ OH(t, %, + 0(X — %), &
H(t,x,s)—H(t,y?m,e)zf (& X ax( m) )(;e—fm)de,
0

as3putblmrapra, (2) skana llIBapureiH 6apadapchI3IBIKTAPBIH KOJJIOHYI, TOMOHIOIYAOH YeKkTeeuy 0aanoo-
nopay anadbI3
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o™ < 1ax + 7 + Hlgoy(m) | )
eS| < 17 1114x + F + Hlgoy(m) (10)
05| = 1H 1A% + F + Hlgoy(m) . (11)

g(m)=m+ 1)L

&m = @ (€) BexTOpay (6) TEHIEMEHNH KaKbIHIAMTHIPBIITaH YbITapbUILIIE! skana detD™ # 0,m —
00 3CKe abll, (8) TCHIEMEHN TOMOHIOTY IO TYP/O JKa3bIll anadbi3

Am + [D(m)]_1 [Fl(m)(&m) + Fz(m)(&m, e)] = —[D(m)]_1 (pfm) + pém) + pgm)).
Meragas, (9), (10), (11) 6apabapchI3AbIKTapIBIH HETU3NHIC
|@m + (D] [E™ @) + F™ @, ©)]|| < MUFIy + 1HI)0 (m) | Ax + F + Hl,
loe™)7H| = m, (12)
1

My CaHBIH ©TO YOH KbUIBIN TaHAal alblll, M = M, YIyH 01(m) = — <
0

= 0;(my) OoaroHmyKTaH,

(12) 6apabapceI3abIKTan
~ -1 ~ ~
”am + [D™M] [Fl(m) (@) + Fl(m)(am, s)] ” < MK|Ax + F + H|yo,(my) =1, (13)
Gapabapchi3bIrbiH anyyra 6onor. Memana K = |F|; + |H|;.
detD™ = —k?|A| # 0 Gonroumykran (6) TeHIEMEHH
a= —[D(m)]-l [Fl(m)(a) + Fz(m)((l, 8)], (14)
TYPYH/IO XKa3bIll alabbl3, )KaHa aHbIH YbIrAPbUILIIIBIH YIaalall )KaKbIHIANITHPYY METOYy MEHEH Taba0bi3
ter = =[D] 7 [P (@) + ™ (e ©)], k=012, .. (15)
ag(e) = ap(e)  menanem, k = 0 yuys (14) nen
~ ~ -1 ~ ~
A —Qy =0, — Ay = — [am + (D) (Fl(m)(ocm) + Fz(m)(am, s))] =
-1
= =[D] o™ + ™ + 5™ (@)
OapabapapIThiH an1abbi3. (13) YeKTeOHYH HETH3HH/IE
llay — apll < MK|Ax + F + Hlgo1(my) =1, (16)

YEKTOOCYH allyyra O0JIOoT.

Q41 — Q) adbBIPMachiH TOMOHIOTY6M TYPAe ka3l aaalbi3

OF ™ (a—q + 0(ay — ax_1)) n OF,™ (a1 + 0 (@i — 1), €)
oa da

(ag

1
Ag+1 — Ak = _(D(m))_lf
0

— ay-1)do

m = mgy YUYYH

24



DOI:10.26104/IVK.2019.45.557

MN3BECTHS BY30B KbIPI'BIBCTAHA, Ne 2, 2022

aFl(m) an(m) (a,€) X
+ <—, 0<y<1
da da M X
MIapThl aTKapbUICHIH Aeinu, ana (16) nan
X -1
lagsr —akll <M 'Mllak —ap_1ll < xllag — ag_4ll, M= ||(D(m)) ”
0apabapchI3bITbIH alla0bI3. (16) YEKTOOHY 3CKE aJIbII
laksr — arll < x*llay — aoll < X*MK|Ax + F + Hloo1(mg) = 1. (17)
k=012,..
|thesn — || < ||@iesp = Qerp—1 + Vesp—1 = Ahap—z + =+ Ay — || <
x*n
SO TP by D < xFA A x o+ )P+ = -
OmenTHmn

P
k+p =< — 0“1 .
||a —ak|| ﬂMKle+IF+HI o1(m)

Mseiagas p — oo, (15) ynaanamTeIKTEIH OMp KalbINTa XKbIHHATAaphIHA BIHAHAOBI3 JKaHA
k

| — aill < T MK|Ax + F + H|yo,(m), (18)

—X
0apabapChI3BITBIH analbi3. @y = &, PKEHUH 3cke ainsbir, (18) Gapabapce3asiktad, k = 0 OosroH ydypaa
m = mg Y4YH
MK|Ax +F + Hlooy(mg) 1
1—yx T 1-y
YEKTOOHY alyyra 00I0T. & = &, (€)- apkbuTyy Genrmier, xaHa
am (&) = ay(e),a,(€),by(€), ..., Ay (&) sxeHaurun scke ansi, (3) audpepeHranIbK TEHIEMETEPIHH

CHCTEMAchlHbIH | aJIepKMHAMH BIKMAachl OOIOHYA AaHBIKTAIraH 27 ME3TWIAYY >KaKbIHIAIITHIPHUIraH
YBITapBUIBILIBIH Ka3yyra 00JIoT.

lla — amll < 61 (19)

X (t, &) = ay(e) + \/Ez (dk(s)coskt + by, (s)sinkt).
n=1

& — @l = lXm — X llo Gonronmykran, (19) 6apabapchi3abIKTaH
B MK|Ax + F + H|qo(m)
1Xm (£, €) — £ (t, E)llo < " ) (20)

YEeKTOOCYH aJlaldbI3.

12 — Xnllo = 12 — X + Xy — Xmlo < 12— Znlo + 1 Xm — X lo 21)
aiflbIpMaHbIH YeHUH Ta0abl.

(2) 6apabapchI3ABIKTHIH HETH3HH]IE
| %(t, &) — X (t,&)|o < | R'(t,€)|g o(m) < |Ax + F + H|yo(m), (22)

YeKTOOHY anyyra 0oJoT.

(20), (22) 6apabapchI3aBIKTAPBIH 3CKE anbl, (21) uekTeo10H
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MK|Ax + F + H|yo(m)

d—pmm+ D + |Ax + F + H|yo(m),

| X(t, &) — Xm(t, &)lo <
0apabapChI3IBITBIH AJ1A0bI3.

2 1 2
o(m) < V2 x)aga — < V2 OOJITOHTYKTaH,
m m+1 m

X t’ € 4‘m t' € 0= (1 X) 0’
quTeeHYH I[aHI/IJII[GOCYH aﬂa6]ﬂ3.

JKoropynarsuiapapiH OaapIbITbIH KBIHBIHTHIKTAIL, TOMOHOTY 10U TEOPEMaHbI KENTHPCEK OOJIOT.
Teopema. (3) cucreManblH 27T — Me3rmwiAyy X(t, &) ublrapbuibinibl Gap OOJICYH jKaHa TOMOHJIOTY O
nIapTTap aTkapbUIChH

a) Spx(t,€) = Rm(t,€) = ao(e) + V2 Xt (ax(e)coskt + by (¢)sinkt) ;
0)

%, 0<xy<1 M= ||(D(m))_1||;

aF™ (@) . O™ (a,€)

<
Jda Ja -

B) [|@m + (D)™ (Fl(m)(&m) + EM™ (ay, e))” < MK|Ax +F + Hlyo(m), m=m, ,

1V

m+1  m’

V2
K =|F|, + |H|;, o(m) <
AHJ1a KBa3HCBI3BIKTYY (6) anreOpablK TEHIEME KaTbI3 YbIrapbLIBIIKA

(&) = (@y(e),ay(€), by (€), ..., A (€), by (€)) 35 GOJIOT.

(3) cucremansin ["alepKHHAMH METOLy OOFOHYA TAOBUITaH 27T — ME3THIIAYY YbITapbUIbIIIBIH
m
xX(t, &) = ay(e) + \/EZ(&k(s)coskt + by, (e)sinkt)
k=1

(GopMysIacel apKbLIyy JKasblll, CHCTEMaHbIH TakK X(t,€) dYBIrapbUIbIIIBI MEHEH KaKbIHAAIITHIPHLITaH
YBIFapPbUIBILIBIHBIH OPTOCYHIATbl ailbIpMaHbIH YEHU

V2

| 2(t,€) = En(t )]0 < 2(

MK
(1-x)

+1) 14x + F + Hlo,

YEKTOCY apKbULyy aHbIKTaNar.
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