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Introduction and statement of the problem

The inverse problems where is required to determine some causative characterizations are the most wide
sphere of application of ill posed problems theory. We have need of them when demanding characterizations are
inaccessible for the direct observations. Thus working out the effective methods for the inverse problems is of
great interest at present.

In this paper we study the inverse problem for the non-linear integro-differential kinetic equation. The
direct problems were considered in our article [6]. Problems of this type appear in a number of distinct scientific
areas; e.g., in the study of “runaway” electrons in fully ionized plasmas [2-3], in semiconductor theory [5], in the
calculation of D.C. conductivity in biological membranes [4], in the behavior of a population of charged particles
under the influence of a spatially uniform D.C. electric areas [1].

The inverse problem for the non-linear integro-differential kinetic equation
Let us consider the simplified non-linear kinetic equation
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% N a(u% ()£ (0.1) = [0, WW)F ', £ (0 Mo +b)F(0.1) = KF . (1)

(v,t)eQ=RxR,, R, =[0,0)

under the initial condition

f(Uat)|t:o =fo(U)a Vv eR, (2)
with the additional information
f(UatXumo =l//0(l‘), vyeER, 120, '//o(t)ecl(R+) 3)

and co-ordination condition

fo(vy)=w,(0). @
Here F(l),t), fO(U), FO(U', f(l)',t)), a U) >0, k(U,U')Z 0, l//o(t), h(l)) > 0 - are known functions,

where Th(u)du < 400, Tk(u,u’)du' =1, Tk(u, u')h(u')(Fof (u’,f]du' < +o0.
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The problems type (1) — (4) describe the time evolution of the distribution function of particles in a phase of
functions of velocity U, or the time evolution of the specific intensity f° (U, t ) of unpolarized light in a phase

space of functions of frequency h(U), given the initial distribution fo (U); the function b(t)F (U,t) describes

internal sources, while we are interested in determination the coefficient b(t ); the term containing a(u)
accounts for the effect of external forces.

The inverse problem is contained in determination pair of functions ( f (U, t); b(t )) , answered (1) - (4).
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Thus let us consider the problem (1) - (4). The simplified direct problems of this type were solved by
various methods, for example, semi group theory [7], where b(t ) =0, F, (U, f (U, t )) =f (U, t ),

a(u) = const . We use the integral conversion

flo,1)= Q(u,t)exp[— T h(U:; du‘), VvoeR,VteR,. )

As the result we obtain the problem :

ot
Q(U’t1t=0: ¢)(U)’VU € R,
Q(UJ)L):UO = l//(t),Vt €ER,,

3Q(v.1) +a(v) aQa(Z’ 1) = exp[_j;% du‘Jijik(U, O (V')F, (0, f)du' + b(t)F(U,t)exp(IOZ(z:) du’} (6)
(7)

where (f, Q) - the solution of the system (5), (6), o(v)= £, (U)exp( (o) du’} (8)

Lalv')
w(t)= Wo(t)eXpU%dv’J-

Lemma 1. Equation (6) under the conditions (7) and

p, +alv)p, =0 9)

is reduced to equivalent form

0(v,1) = o(p(v,1,0)) .[exp[ Uf ? Z(S:)) UJTK’ p(v,t,5),0" W )F, (', f(L',5))dv'ds +

00

(10)
t p(vt,s) '
+ .[exp( J. h(U,) du’Jb(s)F(p(u,t,s),s)ds.
0 -0 a\v )
Proof. Putting p= p(l),t,s), Py = p(U, t,()) , differentiating by ¢ and L:

0/)= )i o] [ 20 [t ol st

—00

+ jexp _]Z legj'; du‘j zgg ; o Tx(p, O (L)EF, (', £ (v, 5))dv' ds +
+ jexp _Je Zgj:g du‘jiwx (p, 0" )p/h()F, (v, f(U',5))dv' ds + exp{j%du’jb(fﬁ(o, 1)+
+ .:[eXP EZ&] zgﬁ ; pib(s)F(p,s)ds + ! exp[iﬁgﬁ% d U']b(S)F,i (0, 5)plds,
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(v')
eXp[izE :;dv'jhp ;péb() p.s ds+jexp[p ] 2(10.5)pl ds,

00

and placing into (6), we have identity:

—00

exp( i héu)) du) [ ko0 W (v £ (0 +exp[i%dujb(t)zw(u,t)z

Eexpﬁ%duﬁk@,u W' (0 £ (0O +expﬁh(“')durjb(t)p(u,t),

-.a(v)
This completes the proof.
As the result we have the equations (5) and (10) — linear algebraical system relative f and (O, where

—00

Q(U, t ) may be excluded from system :

f(u,t)zfo(p(u,t,O))expL— T Hw) du’}+jexp[— _T hv) dU'JTK(p(U,t,s),U’)h(U')x

p(u,t,O) a(U’) p(u,t,s) (U’)

x F,(0', f(v',5))dv'ds + j exp[— (]. ‘) 28 du’Jb(s)F(p(u, t,s),s)ds = H[f,b] V(v,t) e Q.

Lemma 2. Under the conditions (2) and (9) equation (11) is the integral representation of problem (1) - (2).
Proof. By analogy  proof  lemma 1 differentiating by 4 and Y and

adding ft'(l), t) + a(l))fuv (v,t)+ h(U)f(U,t) , we receive the identity Kf = Kf .

We note that equation (11) contains two unknown functions ( f (U, t ), b(t )) . Therefore, taking into account
condition (3) from (11) we have

-t | M0 |fool - Mo ot o)

p(UO,l,O) a(U') 0 UO,I,S) a(U')

IS

—00

(In

x Fy (0", f(v',5))dv'ds + jexp[— j hEU,; du'}b(s)F(p(u0 ,1,5),8)ds. (12)
0 p(uo,t,s) a\v
Further, differentiating by # we obtain
' ’ ’ t h ' ' t h ' ’ h '
wo(t)= fy,(po)p}, exp —I(—U,)dv — fi(py)exp| - | ©) 4, ) )y o (13)
Lo a(U ) o a(U ) a(po)

10
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+ Ik(uo, o (V')F, (0, f(0,1))dv - Iexp -
—o0 (g ,t,5) a(U )

0

<Pl ) [l ) W Vi, 10 s -

—J.exp[— f z(—z:du’Jj kK (p(0y.2,5),0")p! (L 2, )W(L)E, (', £ (v, 5))dv'ds + (13)
0

)
)
bl Flopt)+ fexp| = | 2D g [P i, (oo 1, 5) s)s +
g ) Jalp(vy,t,s))
0 I h(U') ’ ’ ’
+Iexp - I ——dv b(s)E! (p(vy,2,5).5)p! (g, 1, 5)ds.
0 p(uo,t,s) a(U )
Thus, we have system of equations (11) and (13). Both (11) and (13) if F(Uo,t) #0, Vt e R, are the

Volterra type integral equations of the second kind.
Suppose
F(v,,t)#0, VteR,. (14)

Then, into account (11), (13), we have

0.0)= il o) N
b(t)=(H,[f.b]fv,.t)v,,veR R,
where
H,[f,0]=(F(og,e)) " { wi )= £, (00 )5, exp(— f@dv’] + /o (P )exp[— I h(U:) dU’] Hpy) Pir
5 alv’) 5 aw) " Jalpy)
O Nl C ;o oA h(p(vy.2,5)) 5
J;k(uo,u J(v')F, (0", f(v,2))dv’ + E|)'exp( p(ugl;,s) ) dv J (olor 1.5)
< 1 00,1,5) [ Kl 1) 0y (o, 0, ' +
+jexp - T hgu:;du' T k! (p(vy,1,5),0")p! (g, 1,8)R(L)F, (', f(L',5))dv'ds —
0 plvg.ts) AU o
e n) ,  hely.ts) ~
.([exp p(,J;[,,,S) o(0') dv a(p(v,.1.5) pl(vg,1,5)b(s)F(p(v,,2,5), s )ds
el = D g ) (ol ) )ol 05 )ds <R,
0 (v ,t,5) a(u )
If
L,+L, =d<l, (16)
where

11
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1) sup .[ exp(—
Q%

~

j hEU:g du'] jk(p(u,t,s),U')h(u’jFof(u’,fjdu’ds <y, = const,
plos) AV —o0 ‘

'T h(v')

L,t,S a(U’

t
SupJ-eXp(—
Q 0 p( sty )

sgp‘(F(Uo, t))l‘{rfk(uo, U')h(U'jE)f( Xdl) + jexp{ j’ h(0:§ dU’J ZE/IO)EZZZZZi;;Ip;(UO’ t, s] X

XTk(p(Uo,t,S), U')h(z)'] 1du'ds+jexp( T E ,;du']Tk;( Vys1,5), ]pt U, 1, s]x

X ‘FO/. (U',fjh(u')du'ds}ﬁ 7, = const,

dU’]|F(p(U, t,s),s]ds <y, =const,L, =y, +7, ; 2)

~~—"

suf(F(,0) exp( ()du'}{hgggggjj§§:p;<uo,r,smF(p(uo,t,s),sx+

(p(uo,t s), ]|pt Uy, 1, s ]ds Sys=const,L, =y, +7;,
then system (15) is solved in (C 11(Q), C(R . )), moreover sequences { £, +1}, {bn +1} are constructed by

successive approximations method :

+

{ ntl T [ n’ n] (17)
bn+1 - HO[frn n](n = 071:"')’

where f,, b, are the initial approximations with errors of calculation:

fon =S| €d™E,  —g0,

n—oo(d<1)

by —b| < d"™ Ey————0

n—w(d<l)

and
=|f =l +o -5

Thus, we summarize the results as follows.
Theorem 1. Under the conditions (2) — (4), (16) the starting inverse problem is solved in the space setting of

functions (C M (Q); C (R . ))
Notice, that the inverse problems are related to ill posed problems and therefore we must get the suitable
spaces. If

fo.0)e2(@) | b)el?(R), p>1, 0<i=Alv,1), ~+L1=1, ()
P 9

t p
moreover‘(F(Uo,t))_l‘ <y, = const, H(F(Uo,t))_l‘ dt <y, =const, VteR,_,
0

then by
L,+L, =d, <1, (19)

the solution of inverse problem (1) — (4) may be regarded as limits sequences { f il }, {an} in the space

", FOf(Uyaf(U’at)j < ﬂ(U',f), V(U',t)e Q;

(LZ;LP),where L, = q2%q4, q, = Th(l) )dv
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i

t
q, = max(%a%)’ q, = sup.[exp(—
Q %

qs —sup(jexp{ j %du'} U,t,s),s)qu]q;

t P P
L = max(7671,0;7672,0)’ SEP{H(F(UO’O)I‘ dt} =7s>
-\ 0

Vio =01t Vot Vs Voo =Vat7ss

- sgpﬁ[k(uo,u'>z<uzs>fh<u'>du']q,

1

q

72 =Sup jexr{— (Ujo zg)du'] o (Uo’t’s))|p,'(00,t,s](+f [k(p(z)o,t,s),U’)/l(u’,s)]qh(u’)du'] ds

a(p(vy.1.5))

—0

|2 =s}1e1+p j.exp[— p(T hgz:;du'}[]iﬂk (p(vy.1,5), ]|Pt Uy, 1, S]ﬂ v' s] h(v JquJ,

74 =sup ieXP ~q I h(U:)dv’](m’t’sggqup,’(%,w]qlf’ (p(vo,t,S),S)ququ,

a(p(uo,t,s

q

t t h(U') ! ’ q ’ q
- - F :
Vs sjlip !exp qp(uz!;,s) a(0') dv } U(p(uo,t,s),s] (uo,t,s] ds | ;
1 1
too p t >
||f||,,,h = jh(u)f(u,t} du}p is limited by 7, ||b(t)||p :(J'|b(s)|‘”d8jp
s 0
Really, valuing in L} and L” and taking into consideration (17), | f,., — f |, b, —b|, we have
fn+l_f||p,hSL0U n - p)’
n+1_b||pSLlu n +bl’l—b||p)
So taking account (19) obtain
fra= 11+ < d( s, - - p)g < d”“(lf—follp,,, +||b—bo||,1)S 00)
<d"™E, WO

in (LZ ;L ) sense
E =|f =1, +[p-5l,-

13
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A limitation of functions f (U,t), b(t) in our space setting are obviously (proof is made on base (15)

taking account that free parts of system (15) are limited in (L‘Z L7 )).

We summarize as follows.
Theorem 2. If (18), (19) are fulfilled, then inverse problem (1) — (4) has the unique solution in

w,= (L‘,'q7 Q)L (R, )), moreover this solution is regarded as the limits sequences {f,,,}, {b,, } in w,

space setting.

Discussion
This paper is close to conception [7]. In [7] were studied the direct problems for the differential and integro-
differential equations. The above-investigated integral conversion may be used for the linear and non-linear
integro-differential and differential equations, for the direct and inverse problems. The solutions are regarded in
integral forms moreover in the direct problems for the differential equations they are regarded in obvious forms.
One may move on to use this integral forms in numerical calculations for the concrete applied sciences.

Subsequently it would be interesting to consider the case non-linear coefficient a(l), f (U,t)) and the case

;Fh(u)du =400 .
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